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Theorem (CBC error bound)

The generating vector z € U3, constructed by the CBC algorithm,
minimizing the squared shift-averaged worst-case error [e5(2)]? for the
weighted unanchored Sobolev space in each step, satisfies

oh ()12 1 A [ 2€(2)) by 1/ '
el s (o T Map) ) eraneann
o)

wnere (| X) ‘= _ enotes the Riemann zeta function for x > 1.
h ve1 k™ denotes the R ta function f 1

Proof. Step s = 1: by direct calculation, it is easy to see that

2¢(2)) \\ 1/A
[eh (21)]* = g% and this is less than or equal to (w(n)Vl ((247(#)))) for
alln>1,\e (1/2, 1], and 71 > 0. Induction step: suppose that we have
chosen the first s — 1 components zi, ..., z,_1, and that (1) holds with s

replaced by s — 1.
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We can write the squared worst-case error in dimension-recursive form as

s k:
et -t Y S Te({2))
ZH#uC{l:s} k=0 jeu
= [eﬁ,hs,l(zl7 e 25,1)]2 +0(z1,. .., 25-1, 2), 2
where (suppressing the dependence of 6 on z, ..., z_1)
k
0(z) = Z < ZH B, <{ %4 })) (use Fourier expansion of B,)
seuC{ls} k=0 j€u

s @ (s, )

seuC{ls} k=0 p, e(z\{0})!u| j€uJ
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- Y el X mw)
seictin PN ooy e

hy -z, =0 (mod n)

1 ifh-z=0 (mod n
where we used the character property - Z" L 2mikhoz/n . (m )
0 otherwise
Noting that hy - z, = 0 (mod n) can be written equivalently as
hu\tsy - Zun(sy = —hszs (mod n) for s € u C {1: s}, we arrive at...
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0(z) = Z (27:/;)|u| ( Z % Z I : h2>
scuC{1l:s} hseZ\{0} ° By, (s} €(Z\{O}) 4171 jeu\{s} ")
hu\{s}'zu\{s}E_hSzS (mod n)
If zZ denotes the value chosen by the CBC algorithm in dimension s, then
we use the following principle:

Averaging argument: The minimum is always smaller than or equal to
the average.
In particular this implies for all A € (0,1] that

[0( Z [ (Zs

ZEIU

A
1 Yu 1 1
sw)z[ > s X & > — )|
zs€U, “seuC{l:s} hs€Z\{0} hu\{s}e(z\{o})hl\—l jeu\{s} 'j
hy\ (s} Zu\ (s} =—hszs (mod n)

A

Y 1 1
< L — - -
< Z Z (272)lelx Z AR Z jcu o 1112

(

2,€U, seuC{1:s} heeZ\{0O} ' ° B 1o €2\ {0411

hy\ {5} Zu\{s} =—hszs (mod n)

where we used the inequality (), ak)A <>, ak, a >0, X € (0,1]. 193



We separate the terms depending on whether or not hs is a multiple of n. Note that this

means
oo

1 1 1
Z [hs |2 - Z | kn|2 + Z [hs |2
hs€Z\{0} k=—00 hs€Z\{0}
k#0 hs#0 (mod n)

—1

20(2)) < 1

=—n + Z Z hol2x
n [hs|
c=1  hseZ\{0}
hs=c (mod n)

It will be convenient to carry out a change of variable to eliminate the dependence on hs
from the innermost sum on the previous slide. Denote by z; ! the multiplicative inverse
of zs in Uy, i.e., zsz; ' =1 (mod n). Then

1 A 1 1
T 2 R 2 R 2 T AP
) [, el @7 L Gy 1P By () €@\ {1~ Hiew s 19

hy\ {s}'Zu\{s}=—hszs (mod n)

B (N2 3 T
- 2\[ulx 2N : s
scuC{l:s} (271' ) n hu\{s}e(z\{o})“”*l Hjeu\{s} |hj|

hy\ {5} Zu\ {s} =0 (mod n)

BERR _w 1 I
o = 2 G 2 2 s a0

2€U, c=1 seuC{1:s} heez\{0}

hs=c (mod n)

hy\ {53 €(Z\{0})
hy\ (s} Zu\{s}=—¢Z (mod n)

N
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1 A 1 1
T 2 R 2 R 2 T AP
) [, el @7 L Gy 1P By () €@\ {1~ Hiew s 19

hy\ {s}'Zu\{s}=—hszs (mod n)

B (N2 3 T
- 2\[ulx 2N : s
scuC{l:s} (271' ) n hu\{s}e(z\{o})“”*l Hjeu\{s} |hj|

hy\ {5} Zu\ {s} =0 (mod n)

1 = A 1 1
+ m Z Z Z IR Z |hs |2 Z HjEu\{s} ;]2

2€U, c=1 seuC{1:s} hs€Z\{0}

hszfczsfl(mod n)

hy\ sy €@\ {ODIHIT
hy\ {s}Zu\ {sy =¢ (mod n)

N
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Forc e {1,...,n—1}, {mod(cz; 1, n) : zs € U,} = {mod(cz,n) : z € U}
and ged(c/g,n/g) = 1 with g = ged(c, n). We obtain

Z Z - Z Z |h51\2>‘

|hs|2)\
z:€U, hs€Z\{0} zeU, hs€Z\{0}
hs =—czs_1(mod n) hs=—cz (mod n)
B Z Z |mn — cz\2’\
zeU, meZ
—2A
P> 2
= a Imin/g) — C/g)ZI
1
. —2A
—£& Z Z | h|2A
zeU, hez\{0}
h=—(c/g)z (mod n/g)
n/g—1 1
2 DINDY g7 D e SN,
a=1 hez\{0} ‘ ‘ hez\{0} |

h=a (mod n/g)

where the last step holds since g > 1 and A > 1/2. (The condition
A > 1/2 is needed to ensure that ((2)\) < c0.)
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Hence

A
1A e 2¢(2)) 1
UCOEY )i 3 T T
scuC{l:s} hu\{s}G(Z\{O})M_l jeu\{s} I'J
hu\{s}'zu\{s}EO (mod n)
1 T 1
EECIP VIR NP VR | v
scuC{1l:s} hy, (s €(Z\{0}) M- Jjeu\{s} I'J

h“\{s} “Zy\{s} #0 (mod n)

1 A2\
< oo > 7u<(27T2)A) :

seuC{l:s}

where we used ,72% < Sp(ln) forn>1and X € (1/2, 1].T
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Returning to our original dimension-wise decomposition (2), using the
bound on 6(z?) and the induction hypothesis yield

[e:hs(zl’ ZS)] [ n,s— 1(213"'72571)]2+6(zl7""z$71’25)

., 2 @) (e 3 ER))

oF#uC{lis—1} scuC{l:s}

<
(. 38 G

oF#uC{lis—1} scuC{l:s}

(a3, 26

proving the assertion. (]
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Significance: Suppose that f € Hs 4 for all v = (Vu)uc{1:s}. Then for any
given sequence of weights -, we can use the CBC algorithm to obtain a
generating vector satisfying the error bound

lul\ 1/(23)
VEalr—ogre< (s X 2(RS2) ) il @
w(n) ey N2
for all A € (1/2,1]. We can use the following strategy:
e For a given integrand f, estimate the norm |/f||s~.
e Find weights v which minimize the error bound (3).
@ Using the optimized weights -y as input, use the CBC algorithm to
find a generating vector which satisfies the error bound (3).
Remarks:

o If nis prime, then <péln == 1 If n= 2%, then W = % For general

N

(comp05|te) n>3, (P(ln) < %, where
= 0.57721566 . .. (Euler-Mascheroni constant).
° The optimal convergence rate close to O(n~!) is obtained with
A — 1/2, but note that A = 1/2 is not permitted since ((2\) — oo

as A —1/2.
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Appendix
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Let a,b € Z and m € Z,. Recall that

—b
a=b (mod m) & 272 ¢ % & a=km+ b for some k € Z.
m

Theorem (Bézout's identity)
Let a,b € Z. Then there exist x,y € 7 such that ax + by = gcd(a, b).

Corollary
leta,beZ and me Z,.
e The linear congruence ax = b (mod m) has a solution if and only if
gcd(a, m)|b.
e Ifgcd(a, m)|b, then there are exactly gcd(a, m) solutions modulo m
to the linear congruence ax = b (mod m).

Let z, n € N be such that gcd(z, n) = 1. Then the above corollary implies
that the linear congruence
zx =1 (mod n)

has exactly one solution (modulo n). This solution is called the modular

multiplicative inverse and it is often denoted by z71 := x.
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