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Practical matters

e 6 o o

Lectures on Mondays at 10:15-11:45 in A6/032 by Vesa Kaarnioja.
Exercises on Tuesdays at 10:15-11:45 in A6/032 by Vesa Kaarnioja.
There will be no lectures on April 14, April 21, and June 9.

The first and second lecture will be held April 15 and April 22 in
room A3/120 in place of the exercise session.

Exercise sheets will be published regularly on the course Whiteboard
page. Please submit your solutions to the exercises before the
deadlines specified on each exercise sheet.

The conditions for completing this course are

(1) successfully earning a cumulative 60% of points from the exercises
(active participation + regular attendance), and

(2) successfully passing the course exam.

The course evaluation is based on the oral exam at the end of the
course.



Exercise guidelines

@ Solutions to exercises can be submitted either via email or by handing in your
solutions at the exercise session by the specified deadline. Late submissions will
not be considered.

@ Please present your calculations clearly and neatly, providing explanation for all
steps.

@ Ensure that your arguments are coherent and presented in an orderly fashion.
Organize your solutions logically, starting from the problem statement and
proceeding step-by-step to the solution.

@ Typeset or write your solutions in clear handwriting for easy readability.

@ Avoid ambiguity in your solutions: consider the perspective or the reader and
ensure that your solutions are understandable from their point of view (i.e., the
reader should not have to guess what you have written).

@ Use appropriate mathematical notation and terminology.

@ Double-check your solutions for errors and correctness before submission. Aim for
precision and accuracy in your mathematical expressions and calculations.

@ In programming tasks, ensure that your program executes successfully. Include the
source code as well as the output of the program as part of your submission.



Uncertainty in groundwater flow

Risk analysis of radwaste disposal or CO» sequestration.
Darcy’'s law q(x) + a(x)Vp(x) = f(x)
mass conservation law V- g(x) =0

in DCRY de{1,23}
together with boundary conditions

e

-

Uncertainty in a(x,w) leads to uncertainty in g(x,w) and p(x,w)



Criticality problem for nuclear reactors

V- (3(x) Vu() + bx) u(x) = Ae(x)u(x)
diffusion absorption fission

@ The smallest eigenvalue A1 € R measures criticality of a reactor.
e Eigenfunction uy(x) is the neutron flux at the point x.

@ A\ ~ 1 = operating efficiently
@ A1 > 1 = not self-sustaining
@ A\ < 1 = supercritical

Source: Argonne National
Laboratory on Flickr


https://www.flickr.com/photos/35734278@N05/3954062594/
https://www.flickr.com/photos/35734278@N05/3954062594/

Optimization under uncertainty

Find min,¢;2(py J(u, 2),

J(u,z) = %/Q/D(u(x,w) — g(x))?dx dP(w) + % Dz(x)2 dx,
subject to

-V - (a(x,w)Vu(x,w)) = z(x), xe€D, ae. we
u(x,w) =0, x €0D, ae. weQ,
Zemin(X) < z(x) < Zmax(x), a.e.xeD.
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Domain uncertainty quantification

SRNSSRE

Three realizations of a random spatial domain
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Electrical impedance tomography

Use measurements of current and voltage collected at electrodes covering
part of the boundary to infer the interior conductivity of an object/body.
By )

V-(eVu)=0 inD,

aan =0 on 9D\ Ui:le’
U+Zk0'8n Uk on Eg, kE{l,...,L
fEk a—ZdS—Ik, ke{l,...,L},




Consider the elliptic PDE problem:

~V - (a(x)Vu(x)) = f(x) for x € D,
+boundary conditions.

In practice, one or several of the material /system parameters may be
uncertain or incompletely known and modeled as random fields:

@ PDE coefficient a may be uncertain;

@ Source term f may be uncertain;

@ Boundary conditions may be uncertain;
@ The domain D itself may be uncertain.

In forward uncertainty quantification, one is interested in assessing how
uncertainties in the inputs of a mathematical model affect the output.

= If the uncertain inputs are modeled as random fields, then the output
of the PDE is also a random field. One may be interested in assessing the
statistical response of the system, for example, the expectation or variance
of the PDE solution (or some other quantity of interest thereof).



High-dimensional numerical integration

n
/ fly)dy = > wif(t;)
[0,1]° i=1

Figure: Tensor product grid, sparse grid, Monte Carlo nodes (not QMC rules)

Figure: Sobol’ points, lattice rule (examples of QMC rules)
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Quasi-Monte Carlo (QMC) methods are a class of equal weight cubature
rules

1”
fly)dy =~ — f(t;),
Jou 7= 52100

where (t;)7_; is an ensemble of deterministic nodes in [0, 1]°.

The nodes (t;)"_; are NOT random! Instead, they are deterministically
chosen.

QMC methods exploit the smoothness and anisotropy of an integrand in
order to achieve better-than-Monte Carlo rates.

11



Course contents

@ Preliminaries: Hilbert spaces, Sobolev spaces, elliptic partial
differential equations (PDEs)

Finite element (FE) method

Modeling random field inputs

Elliptic PDEs with random coefficients
Quasi-Monte Carlo (QMC) methods

@ QMC-FE methods for uncertainty quantification of elliptic PDEs with
random coefficients

12



Preliminary functional analysis
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Inner product space

A real vector space X is an inner product space if there exists a mapping
(+,): X x X — R satisfying
e (axy + bxp,y) = a(x1,y) + b(xa,y) for all x;,x2,y € X and a,b € R;
e (x,y)=(y,x) forall x,y € X;
@ (x,x) >0 for all x € X, where equality holds iff x = 0.
A mapping (-, -) satisfying these conditions is called an inner product.

Example
i) R" = {(x1,...,xn) | xx € R}. Then the inner product is the Euclidean dot product
n
=D e x =0, %n), Y= (V155 V)
i) Let X = C([a, b]) = {f | f::[a, b] — R is continuous} and define
.00 = [ gty ax

Then this is an inner product on C([a, b]).
i) Let X = 2(R) = {(zx)$2, | %21 |zk|> < 0o}. Then £2(R) is an inner product space when
oo

Yy =D Xy x= (-, vy =1,y
k=1

14



Definition
A real vector space X is a normed space if there exists a mapping
|| - 1]: X — R satisfying

o |lax|| = |al|||x|| for all a € R and x € X;

@ |Ix|| > 0 for all x € X, where equality holds iff x = 0.

o [[x +yl|l < |Ix|| + |ly| for all x,y € X (triangle inequality).

If X is an inner product space, then it is a normed space in a canonical
way with the induced norm || - ||: X — R defined by

IIx|]| =V (x,x), x¢€X.

The first two postulates follow immediately from the properties of inner
product spaces, the triangle inequality follows from the Cauchy—Schwarz
inequality.

Proposition (Cauchy—Schwarz inequality)
If (X, (-,-)) is an inner product space, then

[y < Iyl for all x,y € X.

15



Proof. Let x,y € X and t € R. If x =0 or y = 0, then the claim is trivial.
Suppose that x # 0 £ y. Then

0 < (x+ty,x + ty) = [IxII* +2t(x,y) + £*|ly]*.

This is a second degree polynomial w.r.t. t with at most 1 real root.
Hence,

discriminant <0 < 4[(x,y)|* — 4| x|]?ly|>* < 0
& 1oy P < IRy

Note that if y = ax, a € R, then discriminant = 0 and Cauchy—Schwarz
holds with equality. O

The triangle inequality is an immediate consequence of Cauchy—Schwarz:

Ix+ 12 = (x +y,x +y) = [IxI* + IylI* +2(x,y)
< [xlZ + Iy lZ + 210 )| < M1xI? + [y 12 + 20y |
= (Ilxll + llyll)*  for all x,y € X.

16



For our purposes, having an inner product is not enough. We need to
know that these spaces are also complete normed spaces.

Definition (Cauchy sequence)

A sequence (xx)72; of elements of (X, || - ||) is called a Cauchy sequence if
for all € > 0, there exists N € N such that

mn>N = |xnm— x| <e.

Definition (Complete space)

A normed space (X, || - ||) is complete if all Cauchy sequences in X
converge to an element of X.

Definition (Banach space)

A normed space (X, || - ||) which is complete with respect to || - || is a
Banach space.

Definition (Hilbert space)

An inner product space (H, (-,-)) which is complete with respect to

Il - | = /(") defined by the inner product is a Hilbert space.

17



Example
i) R" and £*(R) are complete.
i) C([a, b]) is not complete w.r.t. the norm

b
IFI? = / ()2 dx.

Let a= —1, b=1, and define

0, -1<x<0,
fo(x) == ¢ nx, 0<x<1i
1, l<x<i

0, —-1<x<0
hen f, is continuous, and if H(x) = x)=1< - =7
() = xo.1(x) {1, 0<x<1,

1 1/n 1/n
/ |fn(x)—H(x)|2dx:/ |nx—1|2dx:/ (n°x* — 2nx + 1) dx
—1 0 0

2.3 x=1/n
_|:n3X —nX2—|—X:| _1 1 l_i n—s o0

%0 3n .n n 3n

We have ||f, — H|| = 0, but H ¢ C([-1,1]).

we have

However, note that C([a, b]) is complete w.r.t. the sup-norm ||f||cc = sup,<,, |f(x)|

but || - || # || - || and there is no inner product inducing ||

- ||co-norm (exercise).

18



If one wishes to consider function spaces equipped with inner product norms, one is led
to L? spaces.

Definition

Let D C R" be a Lebesgue measurable set. Then
[*(D) := {f | f: D — R measurable, / |f(x)]> dx < co}.
D
We define the inner product

(. 8) 20y = / F(x)g(x) dx, (1)

1/2
1l = ( / |f<x)|2dx) .

L?(D) is a Hilbert space with the inner product (1).

which induces the norm

Theorem

Remark. In practice, we treat the elements of L?(D) (resp. LP(D)) as functions. Strictly
speaking, elements of L?(D) (resp. LP(D)) are equivalence classes of measurable

functions that are equal almost everywhere on D. That is, if f, g € L?(D) and

f(x) = g(x) for almost every x € D, then f and g represent the same element in L*(D).
This identification ensures that L?(D) is a true normed space (and in fact a Hilbert

space), since the norm is zero if and only if the function is zero almost everywhere. 19



Bounded linear operators in Hilbert spaces

Definition

Let X and Y be normed spaces with norms || - ||x and || - ||y. A linear operator
A: X — Y is said to be bounded if there exists C > 0 such that

[Ax|ly < Cl|x||x forall x € X.

Lemma
Let (X,]| - |lx) and (Y, ]| - ||v) be normed spaces. Then a linear operator A: X — Y is
bounded iff
1Al == |Allx=y = sup [JAx]|y < oo. (operator norm)
lIxlx<1

v

Proof. “=" If there is C > 0 s.t. ||Ax||y < C||x||x for all x € X, then clearly
Al = supy <1 IAX]ly < C.
<" Let [|A] < occ. Since || 7 [lx =1 for all x # 0, from the linearity of A we infer

Ly — | A(2)lly < JIA] for all x € X.

lTxIx
This implies the important estimate

IAx|ly < |Alllix]lx for all x € X.



A linear operator is continuous precisely when it is bounded.
Proposition

Let (X, ]| -|Ix) and (Y, || - ||v) be normed spaces and A: X — Y a linear operator. Then
the following are equivalent:

(i) A is a bounded operator;

(ii) A is continuous (in X);

(iii) A is continuous at one point xo € X.

Proof. (i) = (ii): if x,y € X and € > 0, then
£
Al
(ii) = (iii): trivial.
(i) = (i): let A be continuous at xp € X. By definition, there exists 6 > 0 such that
ly =xllx <6 = [JAy = Axlly < 1.
If x € X is such that ||x||x < §, then by taking y = x + xo:
[Ax|ly = [[A(x + x0) — Axolly < 1.
On the other hand, for any ||x||x < 1, there holds ||6x||x = d||x||x < d and thus

linear

A
Ix=ylix < =0 = [Ax=Aylly "= A = y)lly < [IAlllix = ylix <.

5| Ax]ly = [|A(6X)]ly <1, e, [Ax]y < % for all ||Ix||x < 1.
Therefore ||A|| < 1, meaning that A is bounded. O

21



Let H be a real Hilbert space.
Definition
Two elements x,y € H are said to be orthogonal if (x,y) = 0.

Let M C H be a subset. The orthogonal complement of M in H is defined
as
Mt :={yecH|(x,y)=0 forall x € M}.

We state the following easy consequences.

Lemma
For any subset M C H, M+ is a closed subspace of H and M C (M+)+.

v

Lemma
If M is a subspace of H, then (M+)+ = M.

Proof. Exercise. O

22



Proposition (Hilbert projection theorem)

Let M be a nonempty, closed, and convex! subset of a real Hilbert space H. Then there
exists a unique element xo € M satisfying

x|l < ||x|| for all x € M.

Proof. Let § = inf{||x| | x € M}. We use the parallelogram identity
lu+ v[®+ llu = v|* = 2||ul|* + 2||v||* (exercise) applied to vectors u = 1x and v = 1y,
X,y € M, to obtain

2
1 2 1 2 1 2 Xty
Tl =yl = S+ 2l - <22
Due to convexity 3(x +y) € M, so
lIx = yI” < 20|xI* + 2]ly[* — 46> for all x,y € M. (2)

k—o0

Existence: let (xk)52; C M s.t. ||xk|| —— . Substituting x <= x, and y < xm in (2)
yields ||y — xm|* < 2|[xa]|> + 2||xm]|* — 46, since (xn + Xm) € M for all n,m. Thus
X — Xm|| = 0 as n,m — oco. (xk)iZ; is Cauchy in the Hilbert space H, so there exists
X0 = limy 00 Xk € H. Since || - || is continuous, ||xo|| = limk— o ||Xk|]| = 0. Since M is
closed and (xx)z2; C M, the limit xo € M.

Uniqueness: If ||x|| = |ly|| =6 = |lx — y[|> <0 by (2) and so x = y. O

Ttx + (1 — t)y € Mforall x,y € M, t € (0,1).

23



Corollary

Let H be a real Hilbert space, M a nonempty, closed, and convex subset of
H, and x € H. Then there exists a unique element yy € M such that

Ix = yoll = inf{[x —y[| | y € M}.

Proof. The set x — M := {x —y | y € M} is closed and convex, and
min{|[x —y| | x —y € x— M} = min{||[x — y|| | y € M}. The claim
follows from the previous result. []

Proposition (Orthogonal decomposition)

If M is a closed subspace of a real Hilbert space H, then
H=Ma® M*,
which means that every element y € H can be uniquely represented as

y:x—i-xJ‘, xe M, xte M.

24



Proof. It suffices to prove that M N M+ = {0} and M + M+ = H.

o If x € MN ML, then 0= (x,x) = ||x]|? (i.e., x L x) so x = 0.
oMMt = {0}

e Let x € H. The Hilbert projection theorem guarantees that there exists
a unique yp € M such that

Ix = yol| < [lx —yl| forally e M. (3)

Let xp = x — yp so that x = yg + xp € M + xp. It remains to show that
X0 € M+
The inequality (3) can be written as

x|l < ||z|| forall zex— M.

Since yg € M and M is a vector space, yg + M = M and M = —M which
implies x — M = x4+ M = yy + xo + M = xg + M. The previous inequality
can be recast as

x|l < ||z forallzexo+M < ||xf <|x0o+z| forallze M.

This statement is true if and only if (xp,z) = 0 for all z € M. Therefore
X € M. L]

25



Let M be a closed subspace. The orthogonal decomposition implies that
every element y € H can be uniquely represented as

y:x—i—xl, xe M, xt e M.

Lemma

Let M C H be a closed subspace. The mapping Ppy: H— M, y — x, is
an orthogonal projection, i.e., P2, = Py and Ran(Py) L Ran(/ — Ppy). It
satistfies the following properties:

@ Py is linear;

o |[Pml =1 if M #{0};

o | — Py =Py;

o |ly —Pmyl|| <l|ly —z| forallze€ M;
°oyeM = Pyy=y, (I-Pu)y=0

y €M+ = Pyy=0, (I=Pm)y=y.
o |lyll> = IPmyll> + 1I(/ = Pm)y||* (Pythagoras)

Proof. See for example [Rudin, Real and Complex Analysis, pp. 34-35].
O]

26



Example
Let H; and H, be real Hilbert spaces and let A: H; — H, be a continuous
linear operator.

The kernel (or null space) of operator A is defined as
Ker(A) := {x € H, | Ax = 0}.
The range (or image) of operator A is defined as
Ran(A) :={y € H» | y = Ax, x € Hi}.

Then we have the following:
o Ker(A) is a closed subspace of Hi, and Ran(A) is a subspace of H.
o Hy = Ker(A) @ (Ker(A))*+.

o Hy = Ran(A) @ (Ran(A))*.

27



We denote
L(X,Y):={A]| A: X = Y is bounded and linear}.

Proposition

Let X and Y be normed spaces. If Y is complete, then L(X,Y) is
complete w.r.t. the operator norm (i.e., it is a Banach space).

Proof. Let x € X and assume that A € L(X,Y), k € N, is a Cauchy
sequence. If x =0, then A0 =0 and the limit A(0) := limk_,oo A0 =10
trivially exists. On the other hand, if x # 0, then for all € > 0, there exists
N € N such that

mn>N = |An—A <
Especially,
|Amx — Anxlly < ||Am — AnlllIx|lx <& when m,n> N,
so (Axx) is a Cauchy sequence in Y and therefore the limit
A(x) == kl;rr;o Agx

exists. -



It is easy to see that A(x) := limx_o0 Axx is linear. It is also bounded:
there exists N € N such that

mn>N = |[An—A <L
Fix m > N. Then for all n > m,
[Anll <1+ [[Amll

and thus

[Anx[ly < (14 [[Aml])lIx]lx-
But ||Ax|ly = limpeo [[Anx]ly < (1 + ||Aml)||x]|x. Therefore A is
bounded.
Finally, we need to show that ||A, — A|| = 0 as n — co. Since we assumed
(Ak)72; to be Cauchy, let € > 0 be s.t. for m,n > N, there holds
|Am — An|| < e. Then

(A= An)x|ly = IiLn [Amx — Apx|ly <e||x|]|x forall x e X

= JJA-Al<e

Hence ||[A — Ap|| — 0 as n — oc.

29



If X = H; and Y = H, are Hilbert spaces, then L(Hy, H,) is a complete
normed space.

Definition

Let H be a Hilbert space. The space H' := L(H,R) is called the
topological dual space of H.

Corollary

If H is a Hilbert space, then H' is complete w.r.t. the operator norm.

Proof. This is an immediate consequence of the previous proposition since
R is a complete Hilbert space. O

Remark. In general, L(Hi, H») is not a Hilbert space even when both H;
and H, are. However, in the special case H' = £(H,R) it turns out that
indeed one can associate an inner product that induces the operator norm
| - || — meaning that H' is a Hilbert space! This is made possible by the
Riesz representation theorem.

30



Existence results
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Proposition (Riesz representation theorem)

Let H be a real Hilbert space. If A: H — R is a bounded linear functional,
i.e., A is linear and there exists C > 0 such that

|A(x)| < C||x|| for all x € H,
then there exists a unique y € H such that

A(x) = (x,y) forall x € H.

Proof. If A= 0, then y = 0 and this is unique. Suppose A = 0 and let
M = Ker(A) = {x € H | A(x) = 0}.

Since A is continuous, M is a closed subspace of H. Furthermore, by the
orthogonal decomposition H = M @& M=, our assumption A # 0 implies
that M # H = M+ # {0}.

32



Let x € H and z € M+ with ||z|| = 1. Define
u:=A(x)z — A(z)x.

Then
A(u) = A(x)A(z) — A(z)A(x) =0

meaning that u € M. In particular (u, z) = (A(x)z — A(z)x,z) =0 and
Alx) = Alx) (z,2) = (A(x)z,2)
——

=[lz[lP=1

= (A(2)x,z) = A(z)(x, z) = (x, ZA(2)).

.. The element y = zA(z) satisfies A(x) = (x, y).
To prove uniqueness, suppose that there exist y1, y» € H such that

A(x) = (x,y1) = (x, y2).
Then (x,y1 — y2) = 0 for all x € H. Choose x = y; — y». Then

O=Mm—-yo1—y)=In-»lF & n=y

33



The Riesz operator

Let x € H and consider the linear mapping f: H = R, z +— (z,x)n. Note that £ € H'
since it follows from the Cauchy-Schwarz inequality that

15(2) = [{z, x)ul < l|zllullx[[ forall z € H. (4)

Now define the Riesz operator Ry: H — H' as x — f,.

Ry is linear: Ry(axi + bx2) = faxg1bx, = (, ax1 + bxo)y = a-, x1)w + b(-, x2)n =
af;q + bﬁQ = aRux1 + bRyx> for X1, X2 € H, a, b eR.

Ry is an isometry (||Rux||nr = ||x||#): it follows from (4) that

|Rux[r = ([l = supyy,,<1 {2, x)u| < [[x]|H. The other direction follows from
Ix[[F = (%) 0 = £(x) = (6] < Nl lxllo = I Rux]allx -

Ry is injective (one—to—one): let Rux = Rpy for some x,y € H. From linearity,
Ru(x—y)=0=f,=0= (x—y,z)y=0forallze H= x=y.

Ry is surjective (onto): by Riesz representation theorem, given A € H’, there
exists a unique x € H satisfying A(z) = (z,x)n = f(z) for all z € H. In other
words, A= (-, x)y = fx = Rux.

.. The Riesz operator Ry;: H — H’ is a bijective linear operator isometry.

Lemma
Let H be a Hilbert space. The dual space H' := L(H,R) is a Hilbert space induced by

Al = H s”up |AX| = /(A A, (A By = (Ry*A, Ry " B) .
x||p<1

34



Adjoint operator

Proposition

Let Hi and H: be real Hilbert spaces and suppose that A € L(Hi1, H>). Then there exists
a unique bounded linear operator A*: H, — Hi, called the adjoint of A, satisfying
<AX7}/>H2 = <X7A*y>H1' = HA*HH2*>H1'

Proof. Let y € H, and consider T,,: Hy — R, x — (Ax, y)n,. Clearly, T, is linear and
bounded so by the Riesz representation theorem there exists a unique z € H; s.t.
(Ax, ¥ )H, = Ty(x) = (x,z)n, for all x € H1.

Define A*y := z.
@ Let a,b € R and y1,y» € H>. Linearity follows from
(x,A"(ay1 + by2)) = (Ax, ay1 + byz) = a(Ax, y1) + b(Ax, y2) =
a(x, A"y1) + b(x, A*y») = (x,aA"y1 + bA*y»). Since x € H; was arbitrary,
A*(ay1 + by2) = aA%y1 + bAY ys.

* * (%) *
@ ||A*[H—Hy = SUP||yly, <1 A" ylm = SUP| |yl 4, <1 SUP|x|1y, <1 [{A"y, x)|

(*)
= SUP||y||, <1 SUP|Ix||y, <1 [{y, Ax)| = SUP||x|, <1 |Axl, = |AllHy—H, < oo. O

(LetA € L(H, K), H, K Hilbert spaces. Cauchy-Schwarz: sup|jy <1 (A Y k| < [[AX]| k.
Other direction: SUP |yl <1 {AX, yYk| > |{Ax, HAX”KAX)|K = |IAx|| k-
LAk = SUP|y |, <1 [{Ax, y) k|- 35



Some properties of the adjoint operator

Proposition
Let Hy and H, be real Hilbert spaces and suppose that A, B € L(H, H2). Then
(i) [1A* Al = AR 1y

(i) A™ = A, where A** = (A")*;
(iii) (C1A + CQB)* = A" + CQB*, C1,C € R.

Proof. (i) Let x € Hi, ||x||n, = 1. By the Cauchy—Schwarz inequality,

A1}, = (Ax, Ax), = (x, A"Ax) iy < I|A"Axlli = (Al —ry < IATAllsg sy

Other direction: ||A*A| < ||A%] - |A]l = || Al
(ii) If x € Hy and y € H, then

<A**X>Y>H2 = <XaA*}/>H1 = <A*Y7X>H1 =y, A H, = (AX, ¥ )ty

Hence (A"*x — Ax,y)n, =0 for all y € H, = A" x = Ax for all x € H; = A™ = A.

(iii) Let x € Hi1 and y € H,. Then

(aA+B)'y,x)u = (y,(aA+ aB)x)n, = caly,Ax)n, + c2(y, Bx)n,
= (A, ) + (B y, x)m = (A" + 2B )y, x)m -
Similarly to the previous part, we conclude that (1A + B)* = ciA* + e B™.
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Self-adjoint operators

Definition
Let H be a Hilbert space. The operator A € L(H) := L(H, H) is called self-adjoint if
A" =A, ie,

(Ax,y) = (x,Ay) forall x,y € H.

Example

Let H be a Hilbert space and let A, B € L(H) be self-adjoint operators. Then
(i) A+ B is self-adjoint.

(ii) if ¢ € R, then cA is self-adjoint.

(i) if AB = BA, then AB is self-adjoint.

Parts (i) and (ii) follow immediately from part (iii) on the previous slide. If x,y € H,
then
(ABx,y) = (BAx,y) = (Ax,By) = (x,ABy) = (AB)" = AB.

Example

Let H be a Hilbert space and M C H a closed subspace. Then the orthogonal
projections Py: H — M and | — Py =: Py,. : H — M? are self-adjoint.

37



Lax—Milgram lemma

Proposition (Lax-Milgram lemma)

Let H be a real Hilbert space and let B: H x H — R be a bilinear
mapping! with C,c > 0 such that

|B(u,v)| < Cllu|| - |lv|| forall u,v € H, (boundedness)
B(u,u) > cl||ul|® for all u € H. (coercivity)

Let F: H— R be a bounded linear mapping. Then there exists a unique
element u € H satisfying

B(u,v) = F(v) forallveH

and 1
< Z||F|.
ull < CH |

TB(u+ v,w) = B(u,w) + B(v,w), B(au,v) = aB(u, v),
B(u,v+ w) = B(u,v) + B(u,w), B(u,av) = aB(u, v)
for all u,v,w € H and a € R.
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Proof. We split the proof into several steps.
Step 1. Let v € H be fixed. Then the mapping

T:ww— B(v,w), H—R,

is bounded and linear. It follows from the Riesz representation theorem
that there exists a unique element a € H with

Tw = (a,w) forall we H.
Let us define the mapping A: H — H by setting
Av = a.

Then
B(v,w) = (Av,w) forall v,w € H.
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Step 2. We show that the mapping A: H — H is linear and bounded.

Clearly,

<A(C1V1 + CQVQ), W> = B(C1V1 + Covo, W)
= C1B(V17 W) + CQB(VQ, W)
= <C1AV1 + 0 Aw,, W>

for all w € H, so A(civi + cava) = c1Avi + cAva. Moreover,

IAv]|? = (Av, Av)
= B(v,Av)
< Cllvi[ljAv]]

which implies that
[Av] < Cljv].
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Step 3. We show that
A is one-to-one,
Ran(A) = AH is closed in H.
We begin by noting that
clvl* < B(v,v) = (Av,v) < |Av]||v]|
and thus
|Av|| > c|lv|]| forall v € H.

Especially

Av=Aw = Alv—-w)=0=0=||A(v—w)|| >c|lv-w||>0=>v=w
so A is one-to-one.
To see that Ran(A) is closed, let y; = Ax; € Ran(A). The goal is to show that
y = limj y; € Ran(A). We observe that

(5) 1
. o ST _
dim g —xdl < fim—lly; = yill =0,
i.e., (x)2;1 is Cauchy and x := lim;_ o X; € H exists by completeness. Moreover,
lim [|Ax — Ax|| < lim [|A[[[[g — x|[ < C lim []x; — x|| =0
j—oo j—oo j—oo

and therefore
y = lim Ax; = Ax € Ran(A).

J—0o0

(5)
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Step 4. We show that Ran(A) = H. We prove this by contradiction:
suppose that Ran(A) = Ran(A) # H. Then there exists w € Ran(A)*,
w # 0. This implies that

1 1
w2 < = B(w, w) = < {Aw,w) =0,

i.e., w = 0. This contradiction shows that Ran(A) = H. Therefore
A: H — H is a continuous bijection.

Step 5. Existence of a solution. We use the Riesz representation theorem:

since F: H — R is linear and continuous, there exists b € H such that
F(v) = (b,v) forall veH.
Define u := A~1bh. Hence

Au=b <& (Au,v)=(b,v) forallveH
<  B(u,v)=F(v) forall veH.

tSince (Ran(A)*)* = Ran(A) # H = (Ran(A))* # {0}.
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Step 6. Uniqueness. Suppose that
B(u1,w) = F(w) forall we H,
B(up,w) = F(w) for all w € H.
Let u:= u; — up. By linearity,
B(u,w) =0 forall we H.

The coercivity of B implies that

[ay

lull* < =B(u,u) =0

c
so that u =0, i.e., uy = w».

Step 7. A priori bound. If B(u,w) = F(w) for all w € H, then by setting
w = u we obtain

1 1 1
2<°B = —F(u) < =||F
Jull? < < B(u u) = ZF(u) < Z|IFlllu]
which immediately yields

1
< ~||IF|.-
lull < Z I
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Density argument

Lemma
Let X, Y be Banach spaces and let Z C X be a dense subspace. If
T:Z — Y is a linear mapping such that

ITxlly < Clixllx, xez, (6)
then there exists a unique extension T: X — Y with T|z = T and

ITx[ly < ClIxllx, x € X. (7)

Moreover, if (6) holds with equality, then so does (7).

Proof. Let x € X. Because Z C X is dense, there exists a sequence (zx)z2; C Z

k— o0

s.t. ||z« — x||lx —— 0. Let € > 0. Since (zx)z2; is a Cauchy sequence, there exists

N € N s.t.
£

mn>N = Hz,,,fz,,||x<c

Then there holds
| Tzm — Tzolly = (| T(2m — zn)|ly < Cllzm — za[[x <,

which means that (7Tz)72; is a Cauchy sequence in Y. Since Y is complete, there
exists y := limx_,00 Tzx. Hence we may define T: X — Y by setting T(x) = y. 44



We begin by showing that T is well-defined. Let (zK)i21, (Zk)72: be two sequences in Z
s.t. zk, Zk k200 «in X. Then

1Tz — Tzilly = [ T(ze — )|y < Cllzx — 2zl < Cllz — x|l + Cllz — x|} “Z5° 0.
Recalling that 7~'(x) = limy_ 00 T2k, we obtain
T2 = TEI < IT2 — Tzl + | Tz — T(x)I| =50,

showing that T is well-defined.
Next we show that T is linear. Let x,Xx € X and a,b € R. Let Z > z 52 « and
Z >z k200 % Now ax + bx € X and Z 3 az, + bzx — ax + bx. Thus

7~'(ax + bXx) = lim T(azx+ bzx) =a lim Tzc+ b lim Tz = aTx+ b'T'x7
k— o0 k— o0 k— o0
since the limit is linear.!
Since the norm is continuous,

||TXH = I|m Txk|| = I|m | Tx|| < C I|m x| = C||x]|-
Finally, T|z = T holds by constructlon ‘and the umqueness s of the limit Tz, — y ensures
that there cannot exist another mapping L: X — Y sit. L|z = T and | Lx|| < Cl|x||. O

tLet y i=limgoo Tz and y 1= limyoo T 2.
Then || T(azk + bz) — ay — by|| < a|| Tz« — y|| + b|| T2 — y|| — 0.
Hence limx— oo T(azk + bzi) = alimi—oo T2k + blimiyoo TZk.
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Multi-index notation
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A vector of the form a := (a1, ..., aq) € N§ is called a multi-index.

denote the j™ component of multi-index o by Q.

The order (or modulus) of a multi-index is defined as
lal == a1+ + ag.

Let x := (xj)j-jzl € R?. We define the monomial notation

d

a . Q;
x =]

where 0° := 1, and the corresponding formula for partial derivatives

d

8 = 8X — HW
j=17

Other often used multi-index notations include (g) = Hj.j:l (gf)
J

al =ag!lag! (but |all == (a1 + -+ + ag)!), etc.
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Some function spaces
Let D C RY be a nonempty open set. Let us recall the following function
spaces.

Definition
C(D):={u: D — R | uis continuous},

CK(D) := {u: D — R | 39“u is continuous for all |a| < k, a € Ng},

C*°(D) := {u: D — R | 39%u is continuous for all o € N§} = ﬂ CX(D),
k=0

CE(D) := {u € CX(D) | supp(u) C D is a compact set},

G (D) :={u € C*(D) | supp(u) C D is a compact set},

where supp(uv) := {x € D | u(x) # 0},

L*(D) := {u: D — R | u is measurable, lull2(py = /D |u(x)|dx < oo}.

Remark. Recall that in the Euclidean space RY, a set is compact iff it is
closed and bounded. This is the Heine—Borel theorem.
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Let D C R? be open.
Definition

L}.(D):={u: D —=R|ue [}K) for all compact K C D}

Example

Let u € CY(D). Then integration by parts yields

/ u(x)Dy( / dou(x)e(x)dx forall g € (D). (8)
D
If ue CK(D) and a € N¢ is a multi-index with order

|| == 11 + -+ 4+ vg = k, then we obtain from repeated application of (8)
that

/u(x)&"‘ap(x)dx— |°‘|/ 0% u( x)dx for all p € C5°(D).
D
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The so-called weak derivative is a generalization of the classical derivative.

Definition (Weak derivative)

Let u,w € LfOC(D). We call w the weak 0., derivative of u and denote
w = Oy u if
/ w(x)p(x) dx = — / u(x)Pxp(x)dx for all ¢ € C5°(D).
D D

Moreover, we call w the weak 9% derivative of u and denote w = 9%u if

/Dw(x)<p(x) dx = ""/ u(x)0%p(x)dx for all p € C5°(D).

This definition ensures that the integration by parts formula is valid if the
weak derivative exists.

Remark. This definition generalizes the classical derivative: if u € C1(D),
then the weak derivative coincides with the classical one.
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Weak derivative

Example
Let d =1, D =(0,2), and

x if0<x<1,
u(x) = )
1 ifl<x<2.

Define
1 ifo<x<l1,
v(x) = .
0 ifl<x<2.
We claim v’ = v in the weak sense, i.e., f02 u(x)¢’(x)dx = — f02 v(x)p(x) dx for all

p € C°(D). Let ¢ € G5°(D) be arbitrary. Then

/o S u0¢ () dx = /0 (%) dx + /1 * (%) dx

~ () -/ o) dx + o2~ sky=- [ o) dx = / L)) dx
:9(/1770 a

as desired.
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Sobolev spaces
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Sobolev spaces

Definition
The Sobolev space of order k based on L?(D) is defined by
H¥(D) := {u € L*(D) | 8*u € L*(D) for all || < k},
and we equip this space with the norm
1/2
fe% 2
ooy = (32 [ 0%uRax)
<k 7P

induced by the inner product

(U, V) pi(py = Z /Daau(x)aav(x)dx.

|| <k

Moreover, we define
Hy (D) = clykp)(Co (D)),

i.e., H§(D) is the closure of C$°(D) in the topology of H*(D).
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Proposition
o 9%: HX(D) — H*~lel, k > |, is bounded.
0 9(0Bu) = 9B (0%u) = 0°1Pu, u e HI*HIBI(D), where
a+16 = (al“'ﬁla""ad"i‘ﬁd)-

54



Proposition

H*(D) is a Hilbert space for all k € N.

Proof. Let (u;j)?2; be a Cauchy sequence in H*(D). Then for all |a| < k

|1D%upm — Daun”B(D) < |um — upll I 0,

so (D%u;)?2, is a Cauchy sequence in L?(D). Since L?(D) is complete,
there exists f& € L2(D) such that ||fo — Dauj||L2(D) Eimsay Y

Esp. u; 2% £0 .= uin L2(D).
We show that D¥u € L2(D) for all || < k, i.e., u € H*(D). For
p € (5°(D),

/Du(x)ao‘(p(x)dx—jin;O/Duj(x)a%p(x)dx
= lim —1)lelgey(x) - o(x) dx
| /D( 1)@l 9%;(x) - p(x)d
- / (—1)/°F(x) - o(x) dx
D

so 0% = f* € L2(D), || < k. Thus u € H*(D).
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Finally,
j— 00
luj = ulbwpy = D 10%u = F*|72(py) === 0
<k

which means that
lim uj=u in H(D). O

J—00



The case when D is a polygon (2D) or a polyhedron (3D) will be of
special interest to us. In these cases, the boundary 9D is not smooth,
which needs to be accounted for by our theory. However, it turns out that
working with Lipschitz domains is sufficient for our purposes. To this end,
we recall the following.

Definition

Let D C RY be a bounded, open set. A function u: D — R is Lipschitz
continuous if there exists L > 0 such that

’U(X)—U(y)‘SL|X—y|, XayeD-

Theorem (Rademacher's theorem)

If D C R? is an open subset and f: D — R is Lipschitz continuous, then f
is differentiable almost everywhere in D.

A Lipschitz hypograph D C R9 is a domain of the form
D={xeRY|xg>¢(X), X' :=(x1,...,%4_1) € R}

where ¢: R9"1 — R is a Lipschitz function.
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Definition (bounded Lipschitz domain)

An open, bounded set is a Lipschitz domain if its boundary 0D is compact

and if there exist {WJ}J’V:1 and {Dj}j’\’:1 with the following properties:

(i) {WJ}JN:1 is a finite open cover of AD, i.e., each W; C R? is an open

N

set and 9D C J;Z; W,

(i) Each D; can be transformed into a Lipschitz hypograph by a rotation
plus a translation.

(i) WynD=W,;nD;forall je{l,...,N}.

The class of Lipschitz domains is broad enough to cover most cases that
arise in applications of partial differential equations. For example, any
polygon in R? or convex polyhedron in R3 is a Lipschitz domain. If
k:R? — RYis a C! diffeomorphism and D is a Lipschitz domain, then
the set k(D) is again a Lipschitz domain.

Note that the outer normal vector is defined a.e. at the boundary and it is
a.e. continuous.
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Trace theorem on Lipschitz domains

Theorem

Let D be a bounded Lipschitz domain and let vy: C>°(D) — C*(dD) be
the trace operator yu = ulpp. Then the trace operator has a unique
extension to a bounded linear operator y: H'(D) — L2(9D).

The significance of the trace theorem is that the boundary values of
Sobolev functions belonging to H'(D) are well-defined in an unambiguous
way.
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Trace zero functions in H(D)

Theorem

Let D C RY be a bounded Lipschitz domain, u € H'(D), and
v: HY(D) — L%(OD) the trace operator. Then

uc Hiy(D) < ~qu=0:0D—R.

Proof. "=" follows from previous discussion. “<" is more difficult (see,
e.g., L.C. Evans “Partial Differential Equations” Section 5.5 for
details). O

This implies in particular the characterization H3 (D) = Ker(y), meaning
that elements in H}(D) are precisely those elements in H(D) with zero
trace.
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Definition
Let || - || and || - ||« be two norms in a normed space X. The norms are
called equivalent if there exist constants ¢;, ¢ > 0 such that

allxll« < |Ix]| < eflx]]«  for all x € X.

The significance behind this notion lies in the fact that equivalent norms
induce the same topology on X. That is, || - || and || - ||« induce exactly the
same convergent sequences in X.

For our purposes, let A: X — Y be a mapping between two normed
spaces. Suppose that cx|| - ||x« < |- ||x < Cx]|| - ||x,« and
eyl -y <+ lly < Cyll - [ly« for cx, Cx,cy, Cy > 0. If

IA(X) ||y < K||x||x for some x € X,

then Co K
X
[AC) Ty« <
We can change between equivalent norms rather liberally since any results
about boundedness, stability, etc., proved using one norm remain true for
equivalent norms up to a trivial scaling of the (typically generic)
coefficient.

Ix||x« for some x € X.



Proposition (Poincaré inequality)

Let D C R be a bounded domain. Then there exists C > 0
(independently of u) such that

lull2py < ClIVull2py forall u e H: (D).

Proof. Let p € C§°(D). Since we assumed D is bounded, we may assume D C [—a, a]¢

for suitably large a > 0. Extending ¢ by zero outside of D, we obtain

(X1, %2, ...y Xd) = (X1, %2, . -y Xd) — @(—a, X2y ...y Xd)

/ ai(thXQ,...,Xd)dtj.

By the Cauchy—Schwarz inequality,

a 2
2 0

lp(xt, X2, - - .y Xd)] §22/ —Lp(tl,xz,...,xd) dt;

—a
a a1y 2
= ‘Lp(Xl,Xz,...,Xd)|2dX1 §4a2/ i(tl,XQ,...,Xd) dt;.
—a _a|0x
Repeated integrations w.r.t. x», X3, ..., X4 over [—a, a] together with the density of

C$°(D) in Hy(D) prove the assertion.

O
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An equivalent norm in H}(D)

For all u € H}(D), the norm

1/2
lellgeoy = IVelizgoy = ([ 170Gl ax)

is equivalent to [|ul|y1(p) (||u||L2(D + HVUHB(D )2,
This can be seen as an immediate consequence of the Poincaré inequality:

lullbp oy < llullfzoy + IVullizpy < (14 C)llullip py-
b ( (D) (D) h(D)
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Sobolev inequality

We mention the following result.
Theorem

Let D C R? be a bounded Lipschitz domain and k > d/2. Then
HX(D) c Cg(D) := {v € C(D) | v is bounded}

and there is a constant C > 0 s.t.

lullco(py = sug lu(x)| < CHUHHl(D) for all u € Hl(D).
xe

Proof. Cf., e.g., Adams (1975) or Adams and Fournier (2003).

o If d =1, then u € HY(D) has a continuous representative.

o If d € {2,3}, then u € H?(D) has a continuous representative.
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Elliptic PDEs
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Let D C R? be an open and bounded Lipschitz domain. We consider the
problem

{‘V (a(x)Vu(x) = f(x), x €D, (9)

ulpp =0,
where f: D — R is the source and a: D — R is the diffusion coefficient.

Uniform ellipticity assumption: There exist constants amax, amin > 0 such
that
0 < amin < a(x) < amax < oo for all x € D.

Definition
Let a € CY(D) and f € C(D). Then u € C?(D) is the classical solution
to (9) if (9) holds for all x € D and u(y) =0, y € 9D.

The requirement that f is continuous is usually much too restrictive for
practical applications.
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Definition (Strong solution)

Let a: D — R be Lipschitz and f € L2(D). We call u € H>(D) N H}(D) a
strong solution to (9) if

-V - (a(x)Vu(x)) = f(x) forae xe€D,

where the derivatives are the weak derivatives.

Note that we also have the following.

Lemma

Let D C R? be a bounded Lipschitz domain. Then for u,v € HY(D),

/8Xju(x)v(x)dx:—/ u(x)@xjw(x)dx—i—/ njulappvlsp dS,
D D oD

where -|sp: HY(D) — L%(OD) is the trace operator.

Proof. The formula holds for u, v € C>°(D). The assertion follows by
exploiting the density of C>°(D) in H'(D). O

67



If uis a strong solution to the PDE (9), then for all v € C§°(D)

(—V - (aVu),v / -V Vu(x))v(x)dx
i alx uix) - VX X vix)lavulx)- - nlx
—/D<)v<>v<>d *AD{,O)(V“ (x))dS

= / a(x)Vu(x) - Vv(x)dx =: B(u, v).
D

Define also
F(v) = /D F(x)v(x) dx.

This leads us to consider the variational formulation

B(u,v) = F(v) forall v e C§°(D).

'V . (v(aVu)) = aVv - Vu + vV - (aVu) + divergence theorem
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The previous discussion motivates us to introduce the so-called weak
solution to (9).

Definition

Let a € L°°(D) and f € L?(D). Then u € H}(D) is called a weak solution
to (9) if

B(u,v) = F(v) forall v e Hy(D), (10)

where
B(u,v) = /Da(x)Vu(x) - Vv(x)dx

and

Remark. It is sufficient to enforce (10) for all v € C§°(D). Moreover, the
definition can be extended for arbitrary F € (H}(D)) =: H=}(D).




Our variational problem is

B(u,v) = F(v) forallve Hg(D), (11)
where B(u,v) = [, a(x)Vu(x) - Vv(x)dx and F(v) = [, f(x)v(x)dx.
Let us use the norm ||vHH3(D) = ||Vv| 2(p), which is equwalent to the

usual Sobolev norm by Poincaré’s inequality.

Provided that we have uniform ellipticity, i.e.,
0 < amin < a(x) < amax < oo for all x € D, then

B(u.) = [ a(x)7u(x) - V() dx < amacl o) Vo
for all u,v € H}(D) and
B(u,u) = / a(x)Vu(x) - Vu(x)dx > aminH”Hi[&(D) for all u € H3(D).
D

. By the Lax-Milgram lemma, there exists a unique solution u € H}(D)
Fll,—
to (11) st. Jullpyp) < - 2t2

Amin
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When does the weak solution coincide with the strong
solution?

If f € L2(D), the diffusion coefficient a is smooth enough (e.g., Lipschitz),
and the boundary 9D is “nice enough” (e.g., a convex polyhedron), then
u € H?(D) N H}(D) and the weak solution coincides with the strong
solution. These considerations belong to the purview of elliptic regularity
theory.
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Recap: Weak formulation

Let D C R? be an open and bounded Lipschitz domain. We consider the problem
-V - (a(x)Vu(x)) = f(x), xeD,
N (1)
u|8D - 07
where f: D — R is the source and a: D — R is the diffusion coefficient.
Uniform ellipticity assumption: There exist constants amax, amin > 0 such that

0 < amin < a(x) < amax < 00 for all x € D.
Definition
Let a € L(D) and f € L*(D). Then u € Hg(D) is called a weak solution to (1) if
B(u,v) = F(v) forall v e Hy(D), (2)

where

B(u,v) = /Da(x)Vu(x) - Vv(x)dx

and
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Galerkin method

1. Let Vi, = span{¢;}™, C H3(D) be a finite-dimensional subspace.
2. Find upy, € V, s.t.
B(um,¢) = F(¢) forall ¢ € Vp,. (3)
Lemma

The problem (3) has a unique solution which also satisfies the so-called
Galerkin orthogonality

B(u—um,¢) =0 forall p € Vp,

where u is the solution to (2).

Proof. The existence of a unique solution is an immediate consequence of
the Lax-Milgram lemma applied to (3) in a subspace V;, C H}(D). The
orthogonality follows from

B(u—tm, ¢) = B(u, $)—B(um, ¢) = F(¢)—F(¢) =0 forallg € Vy. [
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Let V,, := span{¢;}; C H3(D). Note that the problem of finding
Um € Vp, such that

B(um,®) = F(¢) forall ¢ € V,
is equivalent to
B(um, ¢j) = F(¢;) forall je{1,...,m}.

Since um € Vi, we can write it as up,(x) = > cipi(x) using
undetermined coefficients ¢ = (¢;)™ ; C R. Thus the problem of finding
Um € Vp, is equivalent to solving the coefficients c satisfying

m
> ciB(6i,¢)) = F(¢;) forallje{l,...,m},
i=1

which can be expressed as a linear system

Ac = F,
where A = (A;;)7_; and F = (F;)[Z; are such that

Aij = B(¢i,¢)) = /D a(x)Vei(x) - Voj(x)dx, Fi= / F(x)9i(x) dx.

D
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The Galerkin solution is a “quasi-optimal” approximation of the weak
solution of the PDE in V,,.

Lemma (Céa’s lemma)

Let u € H}(D) be the solution to B(u,$) = F(¢) for all ¢ € H}(D) and
let uy, € Vp, be the solution to B(um, ) = F(¢) for all ¢ € V,,. Then

amax

inf [u— V||H3(D)~

min VEVm

lu = umllp 0y <

Proof. Let v € V,,. Then by the coercivity and continuity of B, there
holds

aminl|u — ”mH%—/(}(D) < B(u— tum,u— up)

=B(u—um,u—v)+B(u—um,v—un)
——

€EVm

=0
< amaxHu - UmHH&(D)Hu - VHH&(D)'
Hence amin|lu — UmHH(}(D) < amax||u — VHH&(D)' -
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Finite element method

One could choose the space V., C H}(D) to be virtually anything. The
finite element method is a particular way of constructing this finite
dimensional space.

In 2D, we approximate the geometry D by constructing a triangulation.

That is, the computational domain D is represented as the union of
non-overlapping triangles called elements. The elements are assumed to
cover the whole D (and only D). In 2D the elements are typically triangles
or quadrilaterals, but they could be practically of any shape. In 3D the
elements are typically tetrahedra or hexahedra. Prisms and pyramids are
also widely used.

If the domain D is a polyhedron, then the division to elements is accurate.
If the domain has, e.g., curved edges, then it cannot be approximated
accurately with linear elements. This introduces additional error to the
numerical approximation.
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A single element is denoted by K. The collection of elements is called a
mesh and denoted with 75, indexed by the diameter of the maximum
element in the mesh. The size of the elements plays a key role in the
convergence analysis of the method. For a well-defined method, reducing
the size of the elements, i.e., refining the mesh, improves the solution (or
at least does not make it worse).

The mesh is a discretization of the domain. It does not define a function
space. To define the global space, we define the local space in each of the
elements. The global space is a piecewise combination of the local,
elementwise spaces.

Assume that the domain D is a 2D polyhedral domain, e.g., unit square,
and that it has been divided into triangles. The simplest possible subspace
to H3(D) is a piecewise linear, continuous space

Vi :={v e Hy(D) | vePK)VK € Tp}.

The continuity is enforced by our requirement that the functions belong to
HY(D).
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Let T, be a triangulation of the domain D with FE nodes (n;)Y;, where
m < N nodes are in the interior of the domain and N — m nodes are on
the boundary dD. For later convenience, let us denote

interior :={i € {1,...,N} | n; € OD}.

We can choose piecewise linear basis functions ¢; = ¢p, such that
én,(nj) = 6ij,

that is, ¢n,(n;) = 1 and ¢pn,(n;) = 0 whenever i # j over the FE nodes
(n)lL;.

Since V), is finite-dimensional, it is spanned by a set of global basis
functions

Vh = Span{¢n; }iE interior-
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Figure: Left: An illustration of global, piecewise linear FE basis functions
spanning V}, over a regular, uniform triangulation of (0,1)2. Right: Bird's-eye
view of the same global FE basis functions.
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The goal is to find the FE solution up € V}, such that

/ a(x)Vup(x) - Vo(x) dx :/ f(x)p(x)dx for all ¢ € V.
D D

For simplicity, suppose that f(x) := Z,N:l fi¢n,(x) for some known
coefficients f := (£)¥, c R.Y We can write up, = SN, cign, € Vj, and
enforce the zero Dirichlet boundary condition by setting c; = 0 for any
n; € 9D. Testing the variational formulation against the FE basis
functions ¢ = ¢; for all j € interior:

$ / 2(X) Vb (x) - Vs (x dx—Zf / D, (X) () dx

i€interior

=:A;j ::I\/I,"-
Thus the problem is to solve tlj1e FE expansion coefficients J
¢ = (¢i)icinterior from the equation
Ainterior,interiorc = Minterior,:fa
where the matrix A = (A’J)I[\Zi=1 is called the stiffness matrix and
M = (I\/I,-,j),(\”j:l is called the mass matrix.

tNote that here we do not require f = 0 on dD! For general f € L*(D), instead of
the mass matrix, one would use (Gaussian) quadratures to form the right-hand side.



Our goals in finite element programming:

@ Construct a data structure to represent the topology of the finite
element mesh.

o If the FE nodes are given as rows of an array “nodes”, then the
elements are triangles with vertices nodes|[i, :], nodes|[j, :], nodeslk, ‘]
for certain indices 1, j,k.

o We can represent the elements as an array “element”, where each row
contains the indices corresponding to the nodes which form a triangle
in our mesh.

e Since we focus on homogeneous zero Dirichlet boundary conditions, we
can enforce the boundary condition by setting the FE expansion
coefficients of the FE solution to be zero at the boundary nodes. This
is equivalent to choosing a subspace V), consisting only of those FE
basis functions ¢, corresponding to FE nodes in the interior of the
mesh, i.e., n; € OD. Thus it is helpful to store the indices of the nodes
lying in the interior of the domain into a vector called "interior”.

@ Assembly of finite element matrices (stiffness and mass matrix).

o All triangles in our FE mesh can be mapped affinely onto a reference
triangle of our choosing (say,

{(x,y) ERY|0<x<1, 0<y<1-—x}) which we can exploit in the
construction of the FE matrices.
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Finite element programming (in Python)
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Triangulation of D = (0, 1)?

import numpy as np

def generateFEmesh(level):
# Create a regular uniform triangulation
# of the unit square (0,1)**2
nl = 2%xlevel+1l # number of nodes in 1D
# Topology: FE nodes, mesh elements, interior, centers
X,Y = np.meshgrid(np.arange(0,n1)/(n1-1),
np.arange(0,n1)/(n1-1))
——————— nodes = np.array([X.flatten(),Y.flatten()]).T
element = []; interior = []
for i in range(O,n1-1):
SR for j in range(O,ni-1):
’ ‘ ‘ element.append ([j*nl+i, (j+1)*ni+i, j*nl+i+1])
element.append ([(j+1)*n1+i, (j+1)*nl+i+1, j*ni+i+1])
’ if i < n1-2 and j < n1-2:
’ interior.append ((j+1)*nl+i+1)
N centers = np.mean(nodes[element[:]],axis=1)
L444 return nodes,element,interior,centers
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Mass matrix

Let (K/)3¢%"™ be non-overlapping mesh elements s.t. D = [ J;5" K. Let
us first consider constructing the global mass matrix:

nelem
I,j —/ ¢n ¢nj dX— Z ¢nj( )

=1 YHKe
We can think of the elements of the global mass matrix as a sum of locally
defined mass matrices in each “active” element. Recall that we already
gave a labeling to the FE nodes earlier, and each row of matrix element
contains the indices of FE nodes which form an element in our FE mesh.
initialize M; 3 =0, 1,j € {0,...,ncoord — 1}
for k € {0,...,nelem — 1}, do
1. set ind = element[k]
2. let K be the element with vertices nodes [ind]
3. compute local mass matrix L € R3*3, where

fK én;(x (bnj( x)dx, i,j €{0,1,2}
4, set Ming,ind = Mind,ina + L
end for

Let us concentrate on step 3.



Local mass matrix

o Let K C R? be an arbitrary triangle with vertices ny, n, n3, and
K={(x1,x)|0<x; <1, 0<x <1-—x1} the reference triangle.

o Let qgl(x) =1—-x1 — xo, gZA)z(x) = X1, qu53(x) = x, be the local basis.

o The affine mapping Fx: K — K, Fk(x) := Bx + ny,
B=[n—ni,n3— nl]A, can be used to write the global basis
functions as én,(x) = ¢;i(F,'(x)). Change of variables:

| det B|

N A if i =/,
/qu"i(x)(b"j(x) dx = [ det B\/Rgzﬁ,'(X)qu(X) dx = {|d§§8| i

that is

([ ontxronxax) 2_1 ~ | detB

Rl
SEEESE
Sl
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Stiffness matrix

We also need to construct the global stiffness matrix

Aij = [ ax)Van(x) - Vo, (x)dx.

To simplify the analysis, let us suppose that the diffusion coefficient a(x)
has been discretized as a piecewise constant function over the mesh
elements, i.e.,

a(x) = Z arxk,(x), xk,(x):=
—1

nelen 1 if x € Ky,
0 otherwise.

Here, we can take a; to be the value of a evaluated at the center point of
element Ky. Then

nelem

Aij= Z ay [ Vén,(x) Vo (x)dx.

=1 Ky
Idea: Precompute the stiffness tensor S; ;¢ := fKe Vo (x) - Vn,(x) dx.
Given a, the stiffness matrix is a tensor-vector contraction A = S x3 a,
where a is a vector containing values of a at element center points. 87



The idealized construction of the stiffness tensor is as follows:
initialize S; ;x =0, i,j € {0,...,ncoord — 1}, k € {0,...,nelem — 1}
for k € {0,...,nelem — 1}, do

1. set ind = element|k]
2. let K be the element with vertices nodes [ind]
3. compute local stiffness matrix L € R3%3, where
Li,j = fK v¢n;(x) : vanj(x) dx, i,j € {0, 1, 2}
4. set Singinax =L
end for

Problem: Scipy does not support sparse tensors! :(

Workaround: reshape the n x n x m tensor into an n®> X m matrix!
initialize grad; jx = 0 for i, j € {0,...,ncoord * ncoord — 1},
k € {0,...,nelem — 1}
for k € {0,...,nelem — 1}, do

1. set ind = element [k]
2. let K be the element with the vertices nodes [ind]
3. compute local stiffness matrix L € R3%3, where
Li;= fK Vén, (x) - V(j)nj(x) dx, i,j € {0,1,2}
4. initialize dummy = Opcoord,ncoord; Set dUMmying ina = L
5. set grad[:, k] = dummy.flatten()
end for
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Local stiffness matrix

° Let K C R? be an arbitrary triangle with vertices ny, n», n3, and
= {(x1,%) [0<x1 <1, 0 <x <1—xi} the reference triangle.

° Let qSl( )=1-—x1 — xp, gf)g( ) =xi1, d>3( ) = x2 be the local basis.
o The affine mapping Fx: K — K, Fx(x) := Bx + n,
B = [ny — n1, n3 — ny], can be used to write the global basis

functions as ¢p,(x) = gg,-(F;l(x)). Note that there holds
Von,(x) = B_T(VQAS;)(F}zl(x)). Change of variables:

/ Vén,(X) - Vo (x) dx = | det B / B~TV¢i(x) - B~TVH;(x)dx
K K

T -110
Define GT := (Vé1, Vo, Vs) = 1 o 1) Then

3
< / Vd>n,-(X)'V¢nj(X)dX> = ‘dezt Bleg15-76T. (4)
K

ij=1
Remark. With a bit of linear algebra, one can check that (4) is equal to

DTD L
Zarea(k) D =3 — m2,m — n3,np — my].
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The shoelace formula

def shoelace(g):
# Compute the area of a triangle with
# vertices gl[0], gl1], and gl2]
return abs(np.linalg.det([g[0],g[1]1])
+ np.linalg.det([gl[1],g[2]11)
+ np.linalg.det([g[2],g[0]1))/2

90



Assembly of the finite element matrices

from scipy import sparse

def generateFEmatrices(nodes,element):
ncoord = len(nodes); nelem = len(element)
mass_data = []; mass_rows = []; mass_cols = []
grad_data = []; grad_rows = []; grad_cols = []
localmass = np.array([[1/12,1/24,1/24],[1/24,1/12,1/24]1,[1/24,1/24,1/12]])
for k in range(nelem):
ind = element[k]; g = nodes[ind]
detB = abs(np.linalg.det([g[1]-g[0],g[2]1-g[0]11))
Dt = np.array([g[2]-g[1],gl0]-g[2],g[1]1-g[0]1])
triarea = shoelace(g)
localgrad = Dt@Dt.T/4/triarea
for i in range(3):
for j in range(3):
mass_rows.append(ind[i]); mass_cols.append(ind[jl);
mass_data.append(detBxlocalmass[i,j])
grad_rows.append(ind[i]*ncoord+ind[j]); grad_cols.append (k)
grad_data.append(localgrad[i,j])
mass = sparse.csr_matrix((mass_data, (mass_rows,mass_cols)),
shape=(ncoord,ncoord))
grad = sparse.csr_matrix((grad_data, (grad_rows,grad_cols)),
shape=(ncoord*ncoord,nelem))
return grad,mass



FEM programs in Python

level = 5 # discretization level

# Generate FE mesh

nodes,element,interior,centers = generateFEmesh(level)
ncoord = len(nodes) # number of coordinates

# Generate FE matrices

grad,mass = generateFEmatrices(nodes,element)

To obtain the stiffness matrix for a piecewise constant diffusion coefficient,
we can use the following simple routine.

def UpdateStiffness(grad,a):
# Given vector a containing the values of the diffusion
# coefficient at the element center points, return the
# corresponding stiffness matrix
n = np.sqrt(grad.shape[0]).astype(int)
vec = grad @ sparse.csr_matrix(a.reshape((a.size,1)))
return sparse.csr_matrix.reshape(vec,(n,n)).tocsr()
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Finite element method in 2D — summary

© Form a triangulation 7, of the domain D. Let (nj)jN:1 be the finite
element nodes. Form the list interior containing the indices of
interior nodes and the element connectivity matrix element. Denote
by m = |interior| the number of degrees of freedom.
Form the stiffness matrix A € R™*™ and mass matrix M € RVXN.
Form the loading vector b =~ Mipterior,.f, where
f=1[f(n),...,f(ny)]".
Solve ¢ = (¢;)2; € R™ from Ac = b.
The finite element solution is given by
m
up(x) = Z cj¢j(x), where ¢; = dn,.
j=1
Remark: The global basis functions ¢; are typically never constructed in
practice! Instead, note that uh(nj) = ¢j. Therefore, the nodal values of
the FE solution are precisely the FE expansion coefficients — if one needs
to evaluate the FE solution for x € K, one can use linear interpolation
between the vertices of the triangle element K.

006 060
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Computing norms of finite element solutions

Let V), C H&(D) be a finite element space spanned by piecewise linear,
continuous FE basis functions {¢;}7  in the interior of the domain. Let

up(x) = cigi(x) € Vi

i=1

If Mij = [, ¢i(x)¢j(x)dx is the mass matrix and
Sij = Jp Voi(x) - Vj(x)dx is the stiffness matrix of the Dirichlet
Laplacian —A with homogeneous zero Dirichlet boundary conditions, then

lunlliz(py = Ve™e and luslliy(p) = VT Se,

where ¢ = (¢;)™ . These identities imply that M and S are positive
definite.
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Numerical example

Consider the elliptic PDE problem
V(A + X+ y)Vulx,y) =x+y, (xy)€(0,1),

ulap = 0.
We can solve this problem using the code developed above as follows.

level = 5 # discretization level

nodes,element,interior,centers = generateFEmesh(level) # generate FE mesh
ncoord = len(nodes) # number of coordinates

grad,mass = generateFEmatrices(nodes,element) # generate FE matrices

a = lambda x: 1+np.sum(x**2,axis=1) # diffusion coefficient

f = lambda x: np.sum(x,axis=1) # source term

rhs = mass[interior,:]@f (nodes) # precompute the loading vector

aval = a(centers) # evaluate diffusion coefficient at element centers
stiffness = UpdateStiffness(grad,aval) # assemble stiffness matrix

sol = np.zeros(ncoord) # initialize solution vector

# Solve the PDE

sol[interior] = sparse.linalg.spsolve(stiffness[np.ix_(interior,interior)],rhs)

# Visualize the solution

import matplotlib.pyplot as plt

fig = plt.figure(figsize=plt.figaspect(1.0))

ax = fig.add_subplot(1,1,1,projection=’3d’)

ax.plot_trisurf(nodes[:,0] ,nodes[:,1],so0l,triangles=element,cmap=plt.cm.rainbow)
plt.show() 95



FE solution
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This note illustrates possibly the simplest (nontrivial) implementation of conforming h-FEM.
“Conforming” means that the FE space V), is a proper subspace of the solution space H&(D).
With this method, the only way to increase the approximation accuracy is by mesh refinement.
One could generalize the method in a various number of ways:

@ Using higher-order piecewise polynomial basis functions leads to p- and hp-FEM. The idea
is to use higher-order polynomials and larger elements in regions of the computational
domain where the PDE solution is smooth; conversely, one would use lower order
polynomial basis functions and smaller elements near singularities (caused by obtuse
angles in the geometry, etc.). A proper refinement strategy with hp-FEM can lead to
exponentially convergent implementations.

@ One can even use discontinuous basis functions, but the method becomes
non-conforming. This has the benefit of improved parallelization and easy adaptation, but
the implementation details are significantly more involved.

@ Instead of discretizing the diffusion coefficient as a piecewise constant function over the
elements, a better approach would be to compute the local stiffness matrices
S 3(X)V¢n,;(x) - Vn;(x) dx using Gaussian quadratures for triangles. Similarly, the
loading term [, f(x)¢n,(x) dx could also be computed using a Gaussian quadrature. For
simplicity of presentation, the details are omitted.

@ One could easily extend the method for more nontrivial boundary conditions:
non-homogeneous Dirichlet, Neumann, Robin, mixed boundary conditions, etc. This
results in additional “book-keeping” and the details are omitted.

@ Many practitioners rely on automated mesh generation using software such as Netgen, etc.
When the domain has curved boundaries, one usually either ignores the geometry modeling
error (if there is reason to believe it is negligible) or uses, e.g., curved finite elements.

@ Instead of using a direct solver like scipy.sparse.linalg.spsolve to solve the FE
system, algebraic multigrid methods (and/or iterative solvers) can be used to improve the
computational complexity. Nonlinear PDEs lead to nonlinear discretized FE systems.
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Let (Q, F, 1) be a probability space. We consider the problem

-V - (a(x,w)Vu(x,w)) =f(x) forx e D, (ae.)w € Q,
u(x,w) =0 for x € 9D, (a.e.) w e Q,

where the diffusion coefficient a(-,w) is random. In consequence, the
solution u(-,w) is a random function /field.
In order to analyze u(-,w), some approaches might be:

@ Monte Carlo methods — slow convergence rate.

@ Sparse grid methods — good convergence, poor parallelization.

In certain problems (such as the PDE above) the dependence of u on a
tends to be quite smooth (under moderate modeling assumptions).
Quasi-Monte Carlo methods take advantage of this fact and can be used
to obtain faster-than-Monte Carlo convergence rates.

99



Probability measures

Let Q be a set and let P(Q) := {B | B C Q} denote its power set. A
subset F of P(Q) is called o-algebra (or o-field) if

Q@ ocF,

Q@ Q\ Ac F forevery Ae F, and

© U,en An € F for every countable subset {Ag}nen of F.
A pair (2, F) is called a measurable space.

An intuitive way of thinking about o-algebras is that they contain
information. The subsets contained in a o-algebra represent events for

which we can decide, after the observation, whether they happened or not.

Hence, F represents all the information we can get from an experiment.
For a topological space Q (e.g., R®), the smallest o-algebra containing all

open sets in Q is called Borel o-algebra on 2 and it is denoted by Bor(2).
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A function p: F — [0,00) U {00} is called probability measure if

(i) u(2) =0,
(i) for every countable subset {Ap}neny C F of pairwise disjoint sets (i.e.,
A;ﬂAj:@ if i ),

u(k@l Ak> = gN(An)7

(i) and p(Q2) = 1.

We call p(A) the probability of an event A € F. If u(A) =1, we say that
the event A occurs almost surely. A triple (Q, F, u) is called probability
space. If only properties (i) and (ii) are satisfied, y is called a measure. A
measure is called o-finite if £ is the countable union of measurable sets
with finite measure.

Example

The Dirac measure 6, at a point m € R® is a probability measure on
(R®, Bor(RR®)) defined by

1 ifmeA
Sm(A) =47 TTEN o all A€ Bor(RY).
0 ifm¢A




Example

The Lebesgue measure A on (R®, Bor(R®)) is o-finite, but not a probability
measure, since A\(R®) = oo.

Let 1 and v be two measures on the same measure space. Then p is said
to be absolutely continuous with respect to v (or dominated by v) if
v(A) = 0 implies p(A) = 0 for each A € F. We denote this by p < v.
Measures 1 and v are called equivalent if 4 < v and v < p. If pand v
are supported on disjoint sets, they are called mutually singular.

Theorem (Radon—Nikodym)

Let pv and v be two measures on a measure space (2, F). If u < v and v
is o-finite, then there exists a unique v-integrable function f such that

w(A) = /A f(w)v(dw) forall Ac F.

The function f is called Radon—Nikodym derivative (or density) of p with
respect to v and it is denoted by g—’,‘j‘.
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Example

If 11 is a measure which is absolutely continuous with respect to the
Lebesgue measure A on (R®, Bor(R®)), then it has a unique density
p € L1(R®) by the Radon—Nikodym theorem.

Example

Let ug = U([0,1]) and pp = U([0,2]) be uniform probability measures on
R. Then p; < pp with

%(t) _J2 forte]o0,1],
duo o otherwise,

but w2 is not absolutely continuous with respect to p; because
p1([1,2]) =0, whereas p([1,2]) = % > 0.
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Random variables

A function x: Q — X between a probability space (2, F, 1) and a
measurable space (X, X) is called a random variable (with values in X) if
it is measurable, that is, if

xY(A) € F forevery Ac X.
Here, x 1(A) = {w € Q : x(w) € A}

A random variable x induces a probability measure v on X, defined by
v(A) := u(x"Y(A)) forall Ac X,

which is called probability distribution (or law) of x. We write x ~ v if x is
distributed according to v.

A random variable x connects an event A € X with a corresponding event
x~Y(A) € F and assigns the probability of x 1(A) to A. This probability is
denoted by

P(x € A) := v(A) = u(x *(A)) = p({w € Q : x(w) € A}).
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Now, let x be a random variable with values in (R®, Bor(R®)) and v its
distribution.

If v is absolutely continuous with respect to the Lebesgue measure A on
RS, then by the Radon—Nikodym theorem there exists a unique p € L*(R?)
such that

v(A) = / p(x)dx for all A € Bor(R®).
A

The function p is called probability density of x.

In what follows, we will assume that R*®-valued random variables have a
probability density.
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Let x, x1, and x> be R*-valued random variables.
@ The mean or expected value of x with distribution v and probability
density function p is given by

E[x] := /sxy(dx) = /sxp(x) dx.

@ A mode x of a random variable x is defined as a maximizer of its
density p, i.e.,

X € arg max p(x).
xcRs

@ The covariance (or covariance matrix) of two random variables x; and
x5 is defined by

Cov(x1,x2) =E [(x1 — E[x1])(x2 — E[xz])T] :
@ The variance of random variable x is its covariance with itself:
Var(x) = Cov(x, x).
@ The characteristic function oy of x is defined by
ox(h) = [ explih™)v(ax) = [
RS

R
A random variable is uniquely determined by its characteristic function. 106
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Gaussian random variables

Let m € R® and C € RS*S be a symmetric positive semidefinite matrix.

An R®-valued random variable x is said to be Gaussian (or normal) with

mean m and covariance C, denoted by x ~ A (m, C), if its characteristic
function @y is given by

ox(h) = exp (i h™m — ihTCh> for all h € R®.

A Gaussian random variable is completely determined by its mean and its
covariance.

Remark: Multivariate Gaussian random variables also have the following

characterization. A random vector x = (xi,...,xs)" has a multivariate
normal distribution iff y = a;x; + - -+ + asxs is (univariate) normally
distributed for all constants aj,...,as € R.

fRecall that this means €T C& > 0 for all £ € R®.
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@ If, in addition, C is positive definite!, x ~ A (m, C) has the probability density

1 1 T ~—1
PO = e O (<50 x - m)

1 1 1 2
- ep(-iCcix— .
G Z e (31 - m)F)

Note that C is invertible and C /2 exists due to our assumptions on C.

@ The Dirac measure 0, at a point m € R® can be understood as a Gaussian
distribution with covariance C =0, i.e., 6m = N (m,0).

@ If zy ~ N(my, Ci) and z, ~ N(m2, G;) are independent and a1, a; € R, then
z=a1z1 + a2z ~ N(aim + axmy, 31 G + a5 G).
@ If z~ N(m,C), LR  and a € R®, then

w=Lz+a~N(Lm+a,LCL").

TRecall that this means €T C¢ > 0 for all £ € R*\ {0}.
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Conditional and marginal probability densities

Let x and y be random variables with values in RS and R¥, respectively. If
the random variable (x, y) has a probability density py y, i.e., if

P(x c A,y € B)=P((x,y) € Ax B) = /AXB px,y(u, v)d(u, v),

for all A € Bor(R®) and B € Bor(R¥), then py , is called joint probability
density of x and y. Here P(x € A,y € B) :=P(x € Aand y € B).

Now, the marginal probability density px of x is defined by

px(u) = / px,y(u,v)dv for all u € R®.
Rk
Analogously, the marginal density of y is

py(v) = / pxy(u, v)du for all v € RX,
RS
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The marginal density of x is indeed the probability density for x in the
situation that we have no information about the random variable y,
because

IP(xeA):IP’(xeA,ye]Rk):/

AxXR

:/A(/Rk Pry (U, v)dv) du:/Apx(u)du

for every A € Bor(RR?).

The random variables x and y are called independent if

B anY(uﬂ V)d(u7 V)

P(x e A,y € B)=P(x € A)P(y € B)
for all A € Bor(R?), B € Bor(RK) or, equivalently, if

Px,y(u, v) = px(u)py(v) almost surely.
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Next, we consider the random variable x in the opposite situation that we
know everything about the random variable y: we have observed it and
know what value it has taken.

We say we consider the random variable x, given that we know the value
¥, taken by y, and denote this by x|y = y,. For y, € R* with

py(¥o) > 0, the conditional probability density of x|y = yo, Px|y—y,. is
then defined by

Px,y (U, ¥o)
Prly—y, (1) = 2221 Y0).
y=xo py(¥o)

If x and y are independent and py(yq) > 0, then

px|y:y0(u) = px(u).
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Representation of random fields
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Random field

Definition

Let D C RY and let (Q, F, 1) be a probability space. A function
A: D x Q — X is called a random field if A(x, ) is an X-valued random
variable for all x € D.

Definition

We call a random field A: D x Q — X square-integrable if

| [ 1A ax ua) < .

Our goal will be to model (infinite-dimensional) input random fields using
finite-dimensional expansions with s variables.

Comment on notation: In what follows, s will always refer to the
“stochastic dimension” (dimension of the stochastic/parametric space)
while d will refer to the “spatial dimension” (dimension of the spatial
Lipschitz domain D C RY, d € {2,3}).
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Remark: separable Hilbert space

A Hilbert space is said to be separable if (and only if) there exists a

countable orthonormal basis {1);}?2; of H with respect to the inner
product (-, )y, that is,

14

(¥j, k) = 6jk and Hf — Z(f, Vi) Hibj H—OO> 0 forall f eH.
=1 H
This last condition is often written as
F= (f.)uy.
j=1

Note that Zf:1<f,¢j>H¢j is precisely the orthogonal projection onto the
subspace spanned by ¥1,..., 9.
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Mercer's theorem

Let a(x,w) be a square-integrable random field with mean
a(x) = /Qa(x,w) u(dw), xe€D,
and a continuous, symmetric, positive definite! covariance
K(x,x") = /Q(a(XM) —a(x))(a(x", w) — 3(x")) p(dw).

Mercer’s theorem: if D C RY is a compact, measurable set with positive Lebesgue
measure, then the covariance operator C: L?(D) — L?(D),

(Cu)(x) :/DK(x,x')u(x')dx', x €D,

has a countable sequence of eigenvalues {A«}«>1 and corresponding eigenfunctions
{¢r }i>1 satisfying Ciox = Aktbi such that Ay > X2 > -+ > 0 and Ax — 0 and the
eigenfunctions form an orthonormal basis for L?(D).

Note that this means:

/DK(“')W(X/)dX/ = Athi(x), /Dwk(X)we(X)dXZék,e.

tIn this context, positive definite means: for all choices of finitely many points

X1,...,Xk € D, k € N, the Gram matrix G := [K(x,-,xj)]fszl is positive semidefinite.
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The Karhunen—Loeéve (KL) expansion of a random field

Theorem

Let (Q,F, 1) be a probability space, let D C RY be a compact,
measurable set with positive Lebesgue measure, and let a: D x Q — R be
a square-integrable random field with continuous, symmetric, positive
definite covariance K(x,x") = E[(a(x, ) — a(x))(a(x’,-) —a(x’))]. Then
the eigensystem (A, ) € Ry x L?(D) of the covariance operator

C: L?(D) — L?(D), as described on the previous slide, can be used to write

a(x,w) =a(x) + Z V()
where Ex(w /(a x,w) — a(x))vk(x)dx,

where the convergence is in L2 w.r.t. the stochastic parameter and uniform
in x. Furthermore, the random variables £ are zero-mean uncorrelated
random variables with unit variance, i.e.,

E[{k] =0 and E[fkfg] = (5;(7@.
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Proof. WLOG, we can assume that @(x) = 0.! By Mercer's theorem, {14}, forms an

orthonormal basis on L?(D) and we can write
oo

Kixx) =3 ([ Kixwuorae)uscx) zwk k(¥

k=1

BV X
Moreover, the random field a can bé ex(p)ressed using the same eigenbasis:
1
a(x,w k€ (w)r(x), {kw:—/ax,wwkxdx
) = Z V Akk( (w) 7, (x, w)ihe(x)
One easily computes that

le] = £ [ atx Junte) x| = = [ Blate o) ax =0

and

Bl =2 [ [ atxdalbe st axax |

- /\ik /D /D]E[a(xv‘)a(xla‘)]W(X)W(x')dx dx’

— o [ Koy raxax = 5 [0 e )ax = o,

=XpYg(x)

since [, Wi (x)1he(x) dx = Ok .

TOnce the claim has been proved for a zero-mean random field a(x,w), the general case
follows simply by applying the theorem to a(x,w) + a(x,w) — a(x).

117



Recall from the previous slide that
a(x,w) = 3272 VAKGk(W)v(x), & (w \/>fD x, w)r(x) dx
where E[fk] = 07 and IE[&&] = 6/(,@. Let
as(x,w) = 2251 VAkbk(w) ().
Ella(x, -) — as(x,-)F] = E[a(x, )] + E[as(x, -] — 2E[a(x, -)as(x, )]

=K(x,x)+E {Z > VA k(')ﬁe(')lﬂk(x)lﬁé(")}

k=1 (=1

*2E[(Z\F€e()¢e )(Z\ka wk(x))]
{ s

V A€ ()€ () e(x)Pi(x)

=1 k=1

K(x,x) + ZZ VAME[EE Yk (x)e(x) — 2E

k=1 ¢=1

K(x, x) + ZZ VN0 e (x)e(x) — 2§j VANE[EeETe (x) i (x)

k=1 (=1 £=1 k=1

= K(x,x)+ Z )\gwg(x)2 -2 Z Z VAMAE[Ee&k] e (%) i (x) (E[&eék] = 0e.x)

=1 £=1 k=1

= K(x,x) — Z)\gwg(x)z — 0 in the L? sense by Mercer’s theorem. []
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The Karhunen—Loéve (KL) expansion of random field a(x,w) can be
written as -
a(x,w) =3a(x) + Z V Ak (W) Yr(x)
k=1

Remarks:

@ The KL expansion minimizes the mean-square truncation error:

a(x, w) Z\Fﬁk < Z >\k>1/2-

LQ(Q»M:LZ(D ) k=s+1

@ The random variables &, are centered and uncorrelated, but not
necessarily independent.

o If the random field a(x,w) is Gaussian — by definition, this means that
(a(x1,w),...,a(xk,w)) is a multivariate Gaussian random variable for
all x1,...,xx € D, k € N — then the random variables &, are
independent.
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The utility of the KL expansion comes from the fact that it is an effective
method of representing input random fields when their covariance
structure is known.

Essentially, if the (infinite-dimensional) input random field has a known
covariance (which satisfies the conditions of Mercer’s theorem), then we
can use the KL expansion to find a finite-dimensional approximation,
which is optimal in the mean-square error sense.
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Example

Let us consider the Wiener process over D = [0, 1], which we regard as a centered
standard Gaussian random field W(x, w) with covariance function K(x,y) = min{x,y},
x,y € [0,1]. It can be shown that

/01 K(X,}’)1/Jk(}/) dy = )‘kwk(x)a

where ¥ (x) = v2sin((k — 3)mx), A = ﬁ Then it has the KL expansion

(k

W(Xvw) = Z \/rkyk(w)wk(XL Yie ~ N(07 1)'
k=1

Let us plot some realizations with the series truncated to s € {10,50,100} terms.

5 realizations of dimensionally 5 realizations of di ionally- 5 realizations of di ionally-
truncated Wiener process (s = 10) truncated Wiener process (s = 50) truncated Wiener process (s = 100)
1

1.0 s 15
05 1.0 1.0
— 00 0.5 _ 05
X 0.0 N = 00 ~7
s -05 05 Aol \/\4 T s N
-1.0 e )
10 -1.0
-15 15
04 06 08 1.

-1.5
00 02 04 06 08 1.0 00 0.2 0 00 02 04 06 08 1.0
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Modeling assumptions

In engineering and practical applications, the idea is that we have some a priori
knowledge/belief that the unknown input random field is distributed according to some
known probability distribution with a known covariance.

@ If the input random field is Gaussian with a known, nice covariance function!, then
we use the KL expansion to find a reasonable finite-dimensional approximation of
true input. Since the KL expansion decorrelates the stochastic variables, and
uncorrelated jointly Gaussian random variables are independent, we can exploit the
independence of the stochastic variables to parameterize the model problem.

@ If the input random field is not Gaussian, then the stochastic variables in the KL
expansion are uncorrelated but not necessarily independent. For the purposes of
mathematical analysis, we typically assume that the random variables in the input
random field are independent so that we can parameterize the model problem.
(Transforming dependent random variables into independent random variables can
be done using, e.g., the Rosenblatt transformation, but this is computationally
expensive.)

Note especially that in the Gaussian setting we do not need to make any “extra” effort
to ensure the independence of the stochastic variables in the KL expansion.

tMatérn covariance is an especially popular choice.
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Example (Lognormal input random field)

Let D C RY, d € {2,3}, be a Lipschitz domain and consider the PDE
problem

{—v - (a(x,w)Vu(x,w)) = f(x) for x € D,
u(-,w)lap =0,

where f: D — R is a fixed (deterministic) source term. We can model a
lognormally distributed random diffusion coefficient a: D x 2 — R using
the KL expansion, e.g., as

a(x.0) = () ( S nNalx)). i N(O.1)

k=1

where ag € L*°(D) is such that ap(x) > 0 and the random variables y, are
uncorrelated (and thus independent in the Gaussian case).

Due to the independence, we can consider the above as a parametric PDE
with a(x,y) = a(x, y(w)) and u(x,y) = u(x,y(w)), where (formally)
y € RN is a parametric vector endowed with a product Gaussian measure.
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Example (Uniform and affine input random field)

Let DC RY, d e {2,3}, be a Lipschitz domain, f: D — R is a fixed
(deterministic) source term, and consider the PDE problem

{—v -(a(x,w)Vu(x,w)) = f(x) forx € D,
u('aw)’()D =0.

We can model a uniformly distributed random diffusion coefficient
a: D x Q — R using the KL expansion, e.g., as

a( —ao —i—Zyk X kNU( 5 %),

where the random variables yy are uncorrelated. Unlike the Gaussian
setting, the random variables y, are generally not independent!

In numerical analysis, the random variables y, are often assumed to be
independent — this alllows us to consider the above as a parametric PDE
with a(x,y) = a(x, y(w)) and u(x,y) = u(x,y(w)), where y € [-3, 3]V
is a parametric vector endowed with a uniform probability measure.

24



The Monte Carlo method

A simple technique to approximate the integral
I(f) = / f(x)p(x)dx
supp(p)

is to use a sample average. If we are able to draw an i.i.d. sample
X1,...,X, from the probability distribution corresponding to the PDF p
then one can consider the Monte Carlo estimate

IMC Z f(xi).

Generally speaking, the Law of Large Numbers and the Central Limit
Theorem imply that
f(X
lim IMC(F)=1(f) and Var(IMC(f) — I(f)) = Var(f(X))

n—00 n

provided that f(X) has finite mean and variance with X distributed
according to the probability distribution corresponding to p.
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Model problem 1: uniform and affine model

For the purposes of numerical analysis, it is often desirable to start by analyzing a
simpler model. Fix f € L*(D), let U = [~1/2,1/2]", and consider the problem of
finding, for all y € U, u(-,y) € H3(D) such that

/Da(x,y)Vu(x,y) -Vv(x)dx = /D f(x)v(x)dx forall ve H(}(D)7

where the diffusion coefficient has the parametrization

a(x,y) = ao(x) + Y _yjti(x), x€D, yeU,

j=t

where ap € L°°(D), there exist amin, dmax > 0 s.t. 0 < amin < a(x,y) < amax < oo for all
x € D and y € U, and the stochastic fluctuations 1);: D — R are functions of the
spatial variable such that

@ ;€ L*°(D) for all j € N,
® 37 [IWilleee(p) < o0

Goals: compute E[G(u)] and Var[G(u)] for some bounded, linear functional
G: Hj(D) — R (quantity of interest); alternatively, one might be interested in E[u(x, -)]
and Var[u(x, -)] (full PDE solution).
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Model problem 2: lognormal model

In many practical applications, it is desirable to model the diffusion coefficient as a
lognormal random field. Fix f € [2(D), let U =RY, and consider the problem of
finding, for all y € U, u(-,y) € H3(D) such that

/Da(x,y)Vu(x,y) -Vy(x)dx = /D f(x)v(x)dx for all v € Hy(D),

where the diffusion coefficient has the parametrization

a(x,y) := ao(x) exp (Zyﬂg(x)), xeD, yeU,

j=t

where ag € L>(D) is such that ag(x) > 0 and the stochastic fluctuations ;: D — R are
functions of the spatial variable such that

@ ¢ € L°(D) for all j € N,

© 3% Iilleee(py < o0

Goals: compute E[G(u)] and Var[G(u)] for some bounded, linear functional
G: Hj(D) — R; alternatively, one might be interested in E[u(x, -)] and Var[u(x,-)].

Here, RY := {y ¢ RY | Z;fl [¥ill|¥j]| Loo (D) < o0}. More on this condition later...
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Numerical experiment

Let us consider the problem of calculating the (dimensionally-truncated) E[us(x, -)] using
the Monte Carlo method. Fix the spatial domain D = (0,1)? and source term
f(x) = x1. The PDE problem in this case is to find, for all y € R®, us(-,¥) € H§(D) s.t

/Das(x,y)Vus(x,y) -Vv(x)dx = /D f(x)v(x)dx for all v € Hy(D)

endowed with the (dimensionally-truncated) lognormally parameterized diffusion

coefficient .
as(x,y) = exp (Zyﬂl}k(x))y Yk €R,
k=1

with stochastic fluctuations v,(x) := k=7 sin(mkx1) sin(rkx2) and a fixed decay
parameter 1 > 1. We solve the PDE using a first-order finite element method with mesh
size h = 275 and stochastic dimension s = 100. We draw a random sample

Yir--,¥n ~N(0,1) and compute the Monte Carlo approximation

Elus,n(x,y) Zus n(x,y) = IMC (uen(x, ).

We plot the estimated L2 error by using I¥C(us n(x,-)) for n’ >> n as the reference
solution and compute ||E[us,n] — I,l,\/lc(usyh)HLz(D) = Hl,{”,{c(us,h) — I,I,\/[C(us,h)HLz(D). (To
compute the L?(D)-norm of a function v, = > Ci#j € Vi belonging to a FE space, we
use the mass matrix M ; = [, ¢i(x)¢;j(x) dx as |vs||,2 = VcTMc.)



Appendix
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Rosenblatt transformation

In the non-Gaussian setting, the uncorrelated random variables can be
made independent using, e.g., the Rosenblatt transformation.

The following is an excerpt from “Structural Reliability Analysis and
Prediction”, 34 edition, by R. E. Melchers and A. T. Beck (2018).

A dependent random vector X = (Xi,...,Xs) may be transformed to
the independent uniformly distributed random vector U = (U, ..., Us)
through the Rosenblatt (1952) transformation U = T X given by

u =P(X1 < x1) = Fi(x1),
u =P(Xa < x| X1 = x1) = Fa(x2|x1),

Us = P(Xs < Xs‘Xl =X1,.., X521 = Xs—l) = Fs(Xs’XL e 7Xs—1)-

If the joint PDF px is known, then the conditional CDF F; can be
determined by

I pxox (X1s - oo Xs—1, ) dt

Fs(Xs|x1, ..., Xs—1) =
5( S‘ ’ e ) le,.‘.7X571(X1,..-,Xs—l)
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Today's lecture follows the survey article

ﬁ J. Dick, F. Y. Kuo, and I. H. Sloan. High-dimensional integration:
The quasi-Monte Carlo way. Acta Numer. 22:133-288, 2013.
https://doi.org/10.1017/50962492913000044
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Notations

o {1:s}:={1,2,...,s} for s € N. We use fraktur letters to denote
subsets u C {1 :s}. We use |u| to denote the cardinality of set u.

e For x > 0, we define the fractional part {x} := x — |x] = mod(x, 1).
For x <0, {x} := x+ ||x||. For x € R*, we define
{X} = ({X1}7 {X2}7 ) {XS})'
For example, {(1.2,0.5,2.77)} = (0.2,0.5,0.77).

@ For u C {1: s}, we define x, = (xj)jeu and

alul

axu H axj

Jj€u

For example, with u = {1,2,4}, we have |u| = 3, x, = (x1, X2, Xa),
and " 5
o™ 0
f(x)=——F%—F—f
Gxu (X) 8X16X28X4 (X)




Quasi-Monte Carlo methods

Let f € C([0,1]%). We consider the problem of approximating the
high-dimensional integral

If = / f(y)dy.
[0,1]

Quasi-Monte Carlo (QMC) methods are a class of equal weight cubature

rules
n—1

1
Qnsf = . Z f(t,'),
i=0
where (t;)"~3 is an ensemble of deterministic nodes in [0, 1]° (not a
random sample of 2(][0, 1]%)).

QMC methods exploit the smoothness and anisotropy of an integrand in
order to achieve better-than-Monte Carlo cubature convergence rates.
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Rank-1 lattice rules

° L] ° ¢ L]
Rank-1 lattice rules . ° . A ¢
1 n—1 ¢ . ’ ® ‘ . ° : L4
p— . L4 ) M °
Qnsf = ;Zf(t,) E e
i=0 R ° ° ® °
° . L4 °
have the points e ., e o« .,
iz ° . L] ° ° ° . o
t,-:mod(—,l), iE{O,...,n—l}, ° o . . o R °
n [ . ° ° o ° . °
where the entire point set is determined by o ° * N ° . . °
the generating vector z € N°, with all ° ° . ° ° °
components coprime to n. Lattice rule with z = (1,55) and n = 89

nodes in [0, 1]?

The quality of the lattice rule is determined by the generating vector
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Historical remarks on the development of lattice rules

o Number theorists (Korobov, Zaremba, Hua) in the 1950s and 60s.

o Lattice rules for multiple integration (Sloan and Kachoyan 1987;
Sloan and Joe 1994).

@ Weighted spaces (Sloan and Wozniakowski 1998; Hickernell 1996).

e Component-by-component (CBC) construction of lattice rules (Kuo,
Joe, Sloan 2002).

e Fast CBC algorithm (Cools and Nuyens 2006; Kuo, Cools, and
Nuyens 2006).

@ Uncertainty quantification of PDEs using QMC methods (Kuo,
Schwab, Sloan 2012).

and of course many, many others! (Dick, Giles, Goda, Graham, Kritzer,
Niederreiter, Pillichshammer, Wasilkowski, . . .)
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Brief introduction to the classical theory of lattice rules
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Let f: [0,1]°* — R be an absolutely continuous and 1-periodic function, i.e.,

f(y17.y27"'7y5) — f(y1+17y27"‘7.y5) — f()/1>)/2+17-~>}’s) =y,

with an absolutely convergent Fourier series

f(x) = Z F(h)e27rih-x7 f(h) ::/ f(x)ef2ﬂ'ih-x dx.
heZs [0,1]¢

Then the lattice rule error is precisely the sum of the integrand'’s Fourier
coefficients over the so-called dual lattice.

Theorem (Rank-1 lattice rule error)

Under the aforementioned conditions on f: [0,1]°* — R, there holds

Qn,s(f) — Is(f) = Z ?(h)v

heAL\{0}
where the dual lattice
A ={heZ°|h -z=0 (mod n)}

is determined entirely by the generating vector z € N° and n € N.
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For future convenience, let us prove a couple of helpful auxiliary identities.

Lemma
Let h=(h1,...,hs) € Z° and n € N. Then

/ e?™hx qx = Lorh= 0
[0,1]¢ 0 otherwise

1§GZWikh~z/n _ {1 ifh-z=0 (mod n)
nk:O

0 otherwise.
Proof. By Fubini's theorem

S 1
/ e27r1h-x dx = H/ e27r1thj dXJ,
[0,1]s =170

where

1 1 . 1 — 1 |pu—
/ 2% gy — fgﬁfﬁ’xj . !f hi=0 _[1 !f hj =0
0 [27Tihj]J if h; # 0 0 ifhj 0.

x=0

Thus the expression (1) is zero unless hy = hp = --- = hs = 0.
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To prove the second claim

n—1

1 $ GRrikhz/n {1 if h-z=0 (mod n)

- .
=0 0 otherwise

consider two cases:

e If h-z is a multiple of n, i.e., h-z=0 (mod n), then clearly

-1 n—1
1+ , 1
- E :e27r1kh~z/n _ = 2 :eO -1
n n

k=0 k=0

e If h- z is not a multiple of n, then by the geometric sum formula

-1 -1 k ih-
1 "Z: e27ril<h-z/n _ 1 ”z: e271'ih-z/n _ l 1- (827r h z/n)n _
n =0 n pard n 1 — e2mih-z/n

This yields the assertion.

©
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Proof (Rank-1 lattice rule error). Using the Fourier series representation
= 3w ()= [ G ax
hezs [0.1)*

-J kz .
and noting that ezm{T}'h = ¢2mikz'h/n \ve can change the order of the
series (note that the Fourier series is absolutely convergent!) to obtain

o015 ({5)) [, o

k=0

1 n—1 R ) R
—— f-(h)e27r1h-z/n o f(O)

n k=0 heZs*

1 n—1

— 7 = 2wih-z/n
=S Fm) EY e 7(0)

heZs k=0

=1 if h-z=0 (mod n)
=0 otherwise

= Y fh-fOo)= > f(h. O

hezs hez=\{0}
h-z=0 (mod n) h-z=0 (mod n)
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Ultimately, we are interested in applying lattice rules for non-periodic,
smooth functions. We will need to put in a bit more effort to make this
method work in the non-periodic setting...
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Worst-case error and reproducing kernel Hilbert space (RKHS)
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Worst-case error

In the classical study of quadrature and cubature rules, we usually consider
the so-called worst-case error. Suppose that f € H, where H is a Hilbert
space continuously embedded in C([0,1]%). Let /s: H — R be an integral

operator
Isf ::/ f(x)dx
[0.1]

and let Q,s: H— R be a QMC rule
1 n—1
Qnsf 1= = Z f(t),
i=0
where P :={t; € [0,1]° |0 </ < n— 1} is a collection of cubature nodes.

The worst-case error of cubature rule Qs in H is defined by

ens(P; H) == ?UIF—)I |Isf — Qnsf].

€
Iflln<1

Note that this is precisely the operator norm of ||ls — Qps||H—R-
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Since the worst-case error is just the operator norm of /s — Qp s, we can
express the cubature error as

|Isf — Qn,sf’ < en,s(P; H)HfHH'

Worst-case errors are in general hard to compute — except for the special
case, when H is a reproducing kernel Hilbert space (RKHS).

Our strategy will be to choose the Hilbert space H (where our integrand f
lives) to be such that it is possible to write down the expression for
ens(P; H) explicitly given a family of QMC rules. This allows us to
analyze the dependence of the cubature error w.r.t. n and s.

We will end up taking H as an unanchored, weighted Sobolev space since
this choice turns out to be “compatible” with the family of (randomly
shifted) lattice rules!
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Reproducing kernel Hilbert space (RKHS)

Let H be a Hilbert space of functions on D C R?®, with the property that
every point evaluation is a bounded linear functional. That is, for any
yeD,let

Ty(f) :=f(y) forall feH.

Then, since T, is a bounded linear functional, by Riesz representation
theorem there exists a unique representer a, := K(-,y) € H such that

T,(f) = (f,ay) = (f,K(-,y)) forall f €H.
The function K(x,y) is known as the reproducing kernel of H.

Definition (Reproducing kernel)

A reproducing kernel of a Hilbert space H of functions on D C R?® is a
function K: D x D — R which satisfies

K(,y)e H forallyeD
and f(y) = (f,K(-,y)) forallfe Handye€D.

The latter property is known as the reproducing property.
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Remarks

e A reproducing kernel Hilbert space (RKHS) is a Hilbert space
equipped with a reproducing kernel, or equivalently, it is a Hilbert
space in which every point evaluation is a bounded linear functional.

@ For any other bounded linear functional A: H — R, its representer
a € H satisfying A(f) = (f,a) for all f € H is given by

a(y) - <a7 K(vy)> - <K(7y)7a> - A(K(7y)) for all ye D.
@ Any reproducing kernel K(x,y) is symmetric in its arguments:
K(x,y) = K(y,x) forall x,y € D.

Proof. For fixed y € D, apply the reproducing property to the
function f = K(-,y) to get

K(x,y) = f(x) = (f,K(-,x)) = (K(-,y), (K(-, x))
= <K(~,X),K(-,y)> = K(_V>X)- [
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Example

Suppose that we have a Hilbert space containing continuous functions on
[0, 1] with square-integrable first order derivatives, equipped with the inner
product

(f.g) = < /O L) dx) ( /0 0 dx) + /0 008 () d.

Then this space has the reproducing kernel

K(Xay) = 1+77(X7y)7 77(X7)/) = %82(|X_y|)+(x_ %)(y_ %)?

where B;(x) := x?> — x + § denotes the Bernoulli polynomial of degree 2.

That is, we claim that

(f,K(-,y)) =f(y) forallyel0,1].
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Example (continued)

By observing that

1
/OK(x,y)dle and %K(x,y):x—%—%sign(x—y),

there holds

(F K (o y)) = </01 F(x) dx> (/01 K(x,y) dx) + /01 F(x) (x - % - %sign(x - y)) dx

—_——

= [ reoacs [ reoxax= 3 [Treoac 3 [Treoa- /yl Fdx

:W+M*M*%ﬂ{)+%+%f(y)*%ﬂ{)féﬂ{)+%f(y
=f(y)

for all y € [0, 1], as desired.
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Theorem

Let H := Hs(K) be an RKHS and let K:[0,1]° x [0,1]°* — R be a

reproducing kernel that satisfies

/ / K(x,y)dxdy < occ.
[0,1] J[0,1]
Then

2n—1
E Pk = [ [ Keyyaxay =23 [ Kity)dy
[0,1]s J[0,1]° ni=5 /0.1

n—1n—1

-+£§2£:§£:thhtﬂ.

i=0 j=0

(2)

v
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Proof. For f € H, we apply the reproducing property f(tx) = (f, K(-, tx))H
and average the results to obtain

1 n—1 n—1 1 n—1
Qnsf == f(te) =~ > (F,K(-ti)n = <f, - KC( tk)> . (3)
k=0 H

k=0 k=0

[ary

Similarly, we find that

lsf:/ f(x)dx:/ (f,K(-,x))ydx = <f,/ K(-,x)dx> ,
[0,1]° [0,1]° [0,1]° H

(4)

which holds provided that f[o 1 K(-,x)dx € H. However, this is
guaranteed by our assumption since

H/ K / / x), K(, y))ndxdy
[0,1] [0,1]s J[0,1]°
:/ / K(x,y)dxdy < oo,
[0,1] J[0,1]¢

which will hold for all the kernels we shall consider.
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Taking the difference of (3) and (4) yields

n—1
/sf*Qn,Sf: <fa/ K(vx)dx]-ZK(atl)> = <fa€>H7
[0,1] N3 H

where
n—1

) = /ms K(x, y)dx—fZK y.t), y e

is called the representer of the integration error since

ens(PiH) = sup [(f,&)ul = [[€]ln-
IFl<1

Especially, the supremum is attained by f = £/||¢|| € H and we obtain

n—1 2
1
ens(P;iH) = H/{OlSK(-,x)dx—nZK(x, ti)
n—1n-1

/[01]5/0115 Gy dXdy_Z/ous X, tj) dx+ 2ZZK ti, t;),

i=0 j=0
as desired. OJ
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Randomly shifted rank-1 lattice points

In what follows, we will discuss randomly shifted QMC rules.

Consider the rank-1 lattice point set tj := {%z} for some generating vector
z € N® and fixed n € N. Given a vector A € [0, 1]°, known as the shift,
the A-shift of the QMC points tg, ..., t,_1 is defined as the point set

{txk + A}, k=0,...,n—1.

Shifting preserves the lattice structure. In practice, we will generate a
number of independent random shifts Ao, ..., Ag_1 from 4([0,1]*) and
take the average of Ay, ..., Ar_1-shifted QMC rules as our
approximation of /.

Advantages:

e Leads to a shift-invariant kernel (advantageous for high-dimensional
computation).

@ Randomization yields an unbiased estimator of the integral.

@ Randomization provides a practical error estimate.
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Shifted rank-1 lattice rules have points

{I(Z+A}, k=0,....,n—1.

n

Use a number of random shifts for error estimation.

Lattice rule shifted by A = (0.1,0.3).

166



Randomization in practice

@ Generate R independent random shifts Ao, ..., Ar_1 from U([0, 1]°).
o For a given QMC rule with points (¢;)"-3 C [0,1]°, form the

approximations Q,(,?s) fo..., ,(,ﬁfl)f, where

n—1
1
QA f = EZf({t,-JrAr}), r=0,...,R—1,
i=0

is the approximation of the integral using a A,-shift of the original
QMC rule.
@ We take the average
B 1 R1 R
Qnsrf =15 Quif
r=0
as our final approximation of the integral.
@ An unbiased estimate for the mean-square error of 6,7757,#' is given by
R—1

> (QRf — Qnsrf).

r=0

1

Eallsf — QR f)? ~ RIR=1)
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{tk + AO}, {tk + Al}, {tk + Az}}

= %ZF;AJ F({t; + B2})



Shift-averaged worst-case error

For any QMC point set P = {to, ..., t,—1} and any shift A € [0, 1]*, let
P+A:={{t;+A}]i=0,1,....,n—1}

denote the shifted QMC point set, and let QA.f denote a corresponding
shifted QMC rule (over the point set P + A). For any integrand f € H, it
follows from the definition of the worst-case error that

[Isf — Qn,s(B; )] < ens(P+ A; H)||f ||,
where e, s(P + A; H) := supj¢,,<1 |1s(f) — QA,f|. We deduce a bound
for the root-mean-square error
VEAllsf — QAFI2 < el (P H)|1F] 1,

where the expected value Ea is taken over the random shift A which is
uniformly distributed over [0, 1]° and the quantity

L(P; H) / (P+A4;H)dA
[0,1]s

is called the shift-averaged worst-case error. 173




Theorem (Formula for the shift-averaged worst-case error)

n—1n-1

1
[e,s,f‘s(P;H /[0 /0 011 K(x,y)dxdy + 2ZZKSh ti t;
1 s

i=0 j=0

where

K" (x,y) = / K({x+ A},{y + A})dA, x,ye]0,1]°.
[0,1]°

Proof. The definition of shift-averaged WCE and (2) imply

[esh(P; Hs(K))* = A)l]s e2 (P + A;H)dA

/ / K(x,y dxdy—fZ/ / K({ti+ A}, y)dAdy
[0,1]¢ Jo,1]¢ [0,1]* J[o,1}*

n—1n—1

+ﬁZZ/ K({ti+ B}, {t; + A})dA

i=0 j=0 [0,1]°

The result follows by a change of variables x = {t; + A} in the second term.
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Remarks

Kb (x, y) ::/[ K(x+ ALy + 88, Xy <01

)

@ The function K® is actually a reproducing kernel, with the
shift-invariant property

KM(x,y) = K"({x + A},{y + A}) forall x,y,A €[0,1].
Equivalently,

Kh(x,y) = K"({x — y},0) forall x,y € [0,1].

@ The function K" is called the shift-invariant kernel associated with K.
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Weighted Sobolev spaces
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Unanchored, weighted Sobolev space

For our purposes, the relevant function space setting will be the

unanchored, weighted Sobolev space. For any given collection (%)ug{m}
of positive numbers (called weights), we associate a space Hs -, containing

continuous functions on [0, 1]° whose mixed first partial derivatives are
square-integrable. It is defined by the reproducing kernel

Ken(¥) = D> w005y, n(xy) = 3Ba(lx—y))+(x—3)(y—

uC{l:s} Jjeu

where B;(x) := x*> — x + & is the Bernoulli polynomial of degree 2.
Norm ||f||sy = +/(f, f)s~ induced by the inner product

= 2 T /o g </[01 i gi Fx) dx_u)

uC{1 }
olul . ;
X - )
</[\071]5—u axug(x) X u> Xy

where dxy := [ [, dxj and dx—u = [[;c1.6p\0 4%
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Remarks

@ We sum over all 2° possible subsets of the indices {1: s}. By
convention, an empty product is 1.

@ Each term of the sum corresponds to a subset of variables
Xy = {Xj | j € u}. We refer to these as the “active” variables, and
denote the remaining “inactive” variables by x_,,.

@ The cardinality |u| of the set u is referred to as the “order” of the
subset of variables x,,. There is a weight parameter ~, associated
with every subset of variables x,,. The weights together model the
relative importance between different subsets of variables. A small
weight ~, means that the L? norm of %Lxlf must also be small.

o Note that || - ||s,y and || - ||s,cy are equivalent norms for any ¢ > 0.1
Therefore we do not lose any generality by assuming that the weights
have been normalized s.t. vy = 1. WLOG, we will always use the
convention that 75 := 1.

THere, cYy = (C’Yu)ug{l:s}-
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Special forms of weights

@ Product weights: we have a sequence of numbers satisfying
Y1 > 72 > --- and we take
Tu = H'Yj-

Jj€EuU
In this case, the reproducing kernel is given by the product

Ksn(x,y) =1 <1 + vm(Xj’yj))-
JEU
o Finite order weights: there exists g € N s.t. 7, = 0 for all |u| > g.
o Order dependent weights: we have a sequence of numbers 1,15, .. .,
and take
Yu =Ty
@ Product-and-order dependent (POD) weights: we have two sequences
Y1,72,---and 1,2, ..., and take

Yu = Ty H V-
jeu 179



Why weighted spaces are interesting

Theorem (Sloan and Wozniakowski 1998)

Consider Hs ~ equipped with product weights ~, =[] jeu Vi Then there
exist point sets P, C [0,1]° for n =1,2,... such that the worst-case error

en,s(Pn; Hs~) is bounded independently of s if and only if

D i< oo (5)
j=1

To be more precise, the result has two parts:
e If condition (5) does not hold, then no matter how the points are
chosen, the worst-case error is unbounded as s — oo.
e However, if (5) holds, then “good points” exist (although the result
does not say how to find them).
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Recall that H; . is defined via the reproducing kernel
Key(oy) = > w[[n06.%), n(xy) = 3Ba(lx—y)+(x—1)y-1),
uC{l:is} jeu

2

where By(x) := x* — x + % is the Bernoulli polynomial of degree 2.

Lemma

/ Ks~(x,y)dy =1,
0,15

/ / Ks~(x,y)dxdy =1,
[0,1]s J[0,1]s

dx — |
/{01 S uld)

uC{1l:s}

Proof. Left as an exercise. O

181



Recall that H; . is defined via the reproducing kernel
Ken(,¥) = D w][][n06:%): n(xy) = 3Ba(lx—y])+(x—3)(y—3),
uC{1l:s} je€u

2 _x+ % is the Bernoulli polynomial of degree 2.

where By(x) := x
For our analysis, we will need the shift-invariant kernel associated with Kj .

Lemma

Ke (x,y) = / Ken({x + A} {y + A})dA
[0,1]¢
= Z 'YuHB2(’XJ_yJ|)

uC{l:s} jeu

Proof. This is an immediate consequence of

1
/0 n({x+ B} {y + AN dA = By(x — y[). O



P:{{knz}|k=0,...,n—1}

be a rank-1 lattice point set corresponding to generating vector z € N*®
and n € N.

When dealing with the shift-invariant kernel corresponding to the
unanchored, weighted Sobolev space Hs ~, we use the shorthand notation

h h
elsv,s(z) = ers7,s(P; HS7‘Y)'
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Lemma
The shift-averaged worst-case error for a rank-1 lattice rule in the
weighted unanchored Sobolev space satisfies

h@P =" %ZH&({@})

@#uC{l:s}  k=0jcu

Proof. Let t; = {J—z} We have the kernel

Ken(,y) = D w][]n6y): n(xy) = 3Ba(|lx—y|)+(x—

uC{l:s} Jj€u

which satisfies [ig 11. [lo 1js Ks.v(X, ) dxdy = 1. We showed that the

shift-invariant kernel related to K is given by

th Z WLLHB2 |Xk_)/k‘

uC{l:s}  keu
Moreover, we showed that the shift-averaged WCE is given by
n—1n-1

/[01] /01 vadeder ZZKS}I (i, t))

i=0 j=0

3)y—3).
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Making the obvious substitutions, we arrive at

P =14 55Y Sy %H&({ }) (1 = 1)

i=0 j=0uC{l:is} keu
n—1n-1 . .
1 mod(i — j, n)zk
—2XY X wlle({mE0),
i=0 j=0 g#uC{l:s}  keu

As i and j range from 0 to n — 1, the values of mod(i — j, n) are just
0,...,n—1 in some order (see next slide for illustration), with each value
occurring n times. Thus the double sum can be reduced into a single sum:

s ()

=0 g#uC{l:s}  keu

as desired. O
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An illustration of the counting argument used on the
previous slide

i/j 0 1 2 3 4 n—1
0 0 1 2 3 4 n—1
1 n—1 0 1 2 3 n—2
2 n—2 n-—1 0 1 2 n—3
3 n—3 n—2 n-1 0 1 n—4
4 n—4 n—-3 n—2 n—1 0 n—5
n—1 1 2 3 4 5 - 0

Table of the values mod(i — j, n), when i,j € {0,1,...,n—1}.

By a simple counting argument we can write

n—1n—1 n—1
> f(mod(i —j,n) =n>_ f(0)
i=0 j=0 =0

for any function f: {0,1,...,n—1} - R.



Two easy technical results

Lemma (Fourier expansion of the Bernoulli polynomial B;)

1 e271'ihx
By(x) =55 > o forxe0,1].
heZ\ {0}
Proof. Short argumengmhlxet F(x) = 5= L ZheZ\{o} i\t
F'(x) = ZheZ\{o} =2x—1,s0 F(x) = x2 — x + ¢g. Moreover,
F(0) = é,so co—f. Hence F(x):x2—x+%:B2(X)_ n

Lemma (“Jensen-like” inequality)

Zak<<2 >1/A, ak >0, A e (0,1].

k=1

Proof. Suppose that > 72 ; aj(\ =1 Then ay <1 = a3, < a;(\
= > ak <> 5 ay =1, and hence Y32 ar < (D00, ai‘)l/’\. The
general case Y oo, a;\ = C € R, follows by applying the same argument

for the scaled sequence a, <+ ﬁak. ]
tF is absolutely convergent, so exchanging differentiation and summation is OK. 187




Component-by-component construction

The components of the generating vector z can be restricted to the set
Up,:={z€Z|1<z<nand gcd(z,n) =1},

whose cardinality is given by the Euler totient function ¢(n) := [Up|.
When n is prime, ¢(n) takes its largest value n — 1.

We know that for f € H; ., there holds

VEAllf — QAF2 < e (2)lls~.

Finding z* = arg minzeUne,s,]fls(z) is not computationally feasible: the
search space contains altogether up to (n — 1)° possible choices for z.
However, the component-by-component (CBC) construction provides a
feasible way to obtain good lattice generating vectors.

188



CBC construction

CBC construction. Given n, s, and weights (7)uc{1:s}-

1. Set z; = 1.
2. For k=2,3,...,s, choose z, € U, to minimize [ef;flk(zl, o ze)]?
Remarks:

@ Note that we have the (in principle computable) expression

RO WZHB({Z}) ©)

DAuC{1:k} £=0 jeu

@ We will show that when the weights (7. )uc{1:s} are so-called product-and-order
dependent (POD) weights, i.e., they can be written in the form

Y i= H’Yj, uC{1l:s},
JEU
where vz =1, ([x)i2; and (v;)72; are sequences of positive numbers, then the
value of (6) can be obtained in O(s n log n + s?n) time using the so-called fast
CBC algorithm. This is quadratic, not exponential, w.r.t. the dimension s.

@ The CBC algorithm is a greedy algorithm: in general, it will not produce a
generating vector which minimizes e;q,f‘s(z). Regardless, we can produce an error
estimate for the QMC rule based on a generating vector constructed by the CBC
algorithm!
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Theorem (CBC error bound)

The generating vector z € U3, constructed by the CBC algorithm,
minimizing the squared shift-averaged worst-case error [e5(2)]? for the
weighted unanchored Sobolev space in each step, satisfies

oh ()12 1 A [ 2€(2)) by 1/ '
el s (o T Map) ) eraneann
o)

wnere (| X) ‘= _ enotes the Riemann zeta function for x > 1.
h ve1 k™ denotes the R ta function f 1

Proof. Step s = 1: by direct calculation, it is easy to see that

2¢(2)) \\ 1/A
[eh (21)]* = g% and this is less than or equal to (w(n)Vl ((247(#)))) for
alln>1,\e (1/2, 1], and 71 > 0. Induction step: suppose that we have
chosen the first s — 1 components zi, ..., z,_1, and that (1) holds with s

replaced by s — 1.
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We can write the squared worst-case error in dimension-recursive form as

s k:
et -t Y S Te({2))
ZH#uC{l:s} k=0 jeu
= [eﬁ,hs,l(zl7 e 25,1)]2 +0(z1,. .., 25-1, 2), 2
where (suppressing the dependence of 6 on z, ..., z_1)
k
0(z) = Z < ZH B, <{ %4 })) (use Fourier expansion of B,)
seuC{ls} k=0 j€u

s @ (s, )

seuC{ls} k=0 p, e(z\{0})!u| j€uJ

_ Y 1
- Y el X mw)
seictin PN ooy e

hy -z, =0 (mod n)

1 ifh-z=0 (mod n
where we used the character property - Z" L 2mikhoz/n . (m )
0 otherwise
Noting that hy - z, = 0 (mod n) can be written equivalently as
hu\tsy - Zun(sy = —hszs (mod n) for s € u C {1: s}, we arrive at...
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0(z) = Z (27:/;)|u| ( Z % Z I : h2>
scuC{1l:s} hseZ\{0} ° By, (s} €(Z\{O}) 4171 jeu\{s} ")
hu\{s}'zu\{s}E_hSzS (mod n)
If zZ denotes the value chosen by the CBC algorithm in dimension s, then
we use the following principle:

Averaging argument: The minimum is always smaller than or equal to
the average.
In particular this implies for all A € (0,1] that

[0( Z [ (Zs

ZEIU

A
1 Yu 1 1
sw)z[ > s X & > — )|
zs€U, “seuC{l:s} hs€Z\{0} hu\{s}e(z\{o})hl\—l jeu\{s} 'j
hy\ (s} Zu\ (s} =—hszs (mod n)

A

Y 1 1
< L — - -
< Z Z (272)lelx Z AR Z jcu o 1112

(

2,€U, seuC{1:s} heeZ\{0O} ' ° B 1o €2\ {0411

hy\ {5} Zu\{s} =—hszs (mod n)

where we used the inequality (), ak)A <>, ak, a >0, X € (0,1]. 193



We separate the terms depending on whether or not hs is a multiple of n. Note that this

means
oo

1 1 1
Z [hs |2 - Z | kn|2 + Z [hs |2
hs€Z\{0} k=—00 hs€Z\{0}
k#0 hs#0 (mod n)

—1

20(2)) < 1

=—n + Z Z hol2x
n [hs|
c=1  hseZ\{0}
hs=c (mod n)

It will be convenient to carry out a change of variable to eliminate the dependence on hs
from the innermost sum on the previous slide. Denote by z; ! the multiplicative inverse
of zs in Uy, i.e., zsz; ' =1 (mod n). Then

1 A 1 1
T 2 R 2 R 2 T AP
) [, el @7 L Gy 1P By () €@\ {1~ Hiew s 19

hy\ {s}'Zu\{s}=—hszs (mod n)

B (N2 3 T
- 2\[ulx 2N : s
scuC{l:s} (271' ) n hu\{s}e(z\{o})“”*l Hjeu\{s} |hj|

hy\ {5} Zu\ {s} =0 (mod n)

BERR _w 1 I
o = 2 G 2 2 s a0

2€U, c=1 seuC{1:s} heez\{0}

hs=c (mod n)

hy\ {53 €(Z\{0})
hy\ (s} Zu\{s}=—¢Z (mod n)

N
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We separate the terms depending on whether or not hs is a multiple of n. Note that this

means
oo

1 1 1
Z [hs |2 - Z | kn|2 + Z [hs |2
hs€Z\{0} k=—00 hs€Z\{0}
k#0 hs#0 (mod n)

—1

20(2)) < 1

=—n + Z Z hol2x
n [hs|
c=1  hseZ\{0}
hs=c (mod n)

It will be convenient to carry out a change of variable to eliminate the dependence on hs
from the innermost sum on the previous slide. Denote by z; ! the multiplicative inverse
of zs in Uy, i.e., zsz; ' =1 (mod n). Then

1 A 1 1
T 2 R 2 R 2 T AP
) [, el @7 L Gy 1P By () €@\ {1~ Hiew s 19

hy\ {s}'Zu\{s}=—hszs (mod n)

B (N2 3 T
- 2\[ulx 2N : s
scuC{l:s} (271' ) n hu\{s}e(z\{o})“”*l Hjeu\{s} |hj|

hy\ {5} Zu\ {s} =0 (mod n)

1 = A 1 1
+ m Z Z Z IR Z |hs |2 Z HjEu\{s} ;]2

2€U, c=1 seuC{1:s} hs€Z\{0}

hszfczsfl(mod n)

hy\ sy €@\ {ODIHIT
hy\ {s}Zu\ {sy =¢ (mod n)

N
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Forc e {1,...,n—1}, {mod(cz; 1, n) : zs € U,} = {mod(cz,n) : z € U}
and ged(c/g,n/g) = 1 with g = ged(c, n). We obtain

Z Z - Z Z |h51\2>‘

|hs|2)\
z:€U, hs€Z\{0} zeU, hs€Z\{0}
hs =—czs_1(mod n) hs=—cz (mod n)
B Z Z |mn — cz\2’\
zeU, meZ
—2A
P> 2
= a Imin/g) — C/g)ZI
1
. —2A
—£& Z Z | h|2A
zeU, hez\{0}
h=—(c/g)z (mod n/g)
n/g—1 1
2 DINDY g7 D e SN,
a=1 hez\{0} ‘ ‘ hez\{0} |

h=a (mod n/g)

where the last step holds since g > 1 and A > 1/2. (The condition
A > 1/2 is needed to ensure that ((2)\) < c0.)
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Hence

A
1A e 2¢(2)) 1
UCOEY )i 3 T T
scuC{l:s} hu\{s}G(Z\{O})M_l jeu\{s} I'J
hu\{s}'zu\{s}EO (mod n)
1 T 1
EECIP VIR NP VR | v
scuC{1l:s} hy, (s €(Z\{0}) M- Jjeu\{s} I'J

h“\{s} “Zy\{s} #0 (mod n)

1 A2\
< oo > 7u<(27T2)A) :

seuC{l:s}

where we used ,72% < Sp(ln) forn>1and X € (1/2, 1].T
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Returning to our original dimension-wise decomposition (2), using the
bound on 6(z?) and the induction hypothesis yield

[e:hs(zl’ ZS)] [ n,s— 1(213"'72571)]2+6(zl7""z$71’25)

., 2 @) (e 3 ER))

oF#uC{lis—1} scuC{l:s}

<
(. 38 G

oF#uC{lis—1} scuC{l:s}

(a3, 26

proving the assertion. (]
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Significance: Suppose that f € Hs 4 for all v = (Vu)uc{1:s}. Then for any
given sequence of weights -, we can use the CBC algorithm to obtain a
generating vector satisfying the error bound

lul\ 1/(23)
VEalr—ogre< (s X 2(RS2) ) il @
w(n) ey N2
for all A € (1/2,1]. We can use the following strategy:
e For a given integrand f, estimate the norm |/f||s~.
e Find weights v which minimize the error bound (3).
@ Using the optimized weights -y as input, use the CBC algorithm to
find a generating vector which satisfies the error bound (3).
Remarks:

o If nis prime, then <péln == 1 If n= 2%, then W = % For general

N

(comp05|te) n>3, (P(ln) < %, where
= 0.57721566 . .. (Euler-Mascheroni constant).
° The optimal convergence rate close to O(n~!) is obtained with
A — 1/2, but note that A = 1/2 is not permitted since ((2\) — oo

as A —1/2.
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Appendix
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Let a,b € Z and m € Z,. Recall that

—b
a=b (mod m) & 272 ¢ % & a=km+ b for some k € Z.
m

Theorem (Bézout's identity)
Let a,b € Z. Then there exist x,y € 7 such that ax + by = gcd(a, b).

Corollary
leta,beZ and me Z,.
e The linear congruence ax = b (mod m) has a solution if and only if
gcd(a, m)|b.
e Ifgcd(a, m)|b, then there are exactly gcd(a, m) solutions modulo m
to the linear congruence ax = b (mod m).

Let z, n € N be such that gcd(z, n) = 1. Then the above corollary implies
that the linear congruence
zx =1 (mod n)

has exactly one solution (modulo n). This solution is called the modular

multiplicative inverse and it is often denoted by z71 := x.

201



Uncertainty Quantification and Quasi-Monte Carlo

Sommersemester 2025

Vesa Kaarnioja
vesa.kaarnioja@fu-berlin.de

FU Berlin, FB Mathematik und Informatik

Seventh lecture, May 26, 2025



Let f € Hs., where we assume that the positive weights v := (7u)uc{1:s}
have the following product-and-order dependent (POD) form

Yu = r\u| Hrij uc {l:s},
JjEuU
where (I'x);_q and (v;)j_; are positive numbers such that o = 1 and the
empty product is interpreted as 1.

A randomly shifted rank-1 lattice rule with generating vector z € N°
satisfies the error bound

VEallf — QA2 < &by (2)|lls,

where the squared shift-averaged worst-case error in the weighted
unanchored Sobolev space is given by the formula

n—1
1 kz;
sh 2 _ J
[en,s Z)] - ; § E Tu | | BZ({ n })7
k=0 g#uC{l:s}  je€u

with By(x) = x2 — x + % denoting the Bernoulli polynomial of degree 2.
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The components of the generating vector z can be restricted to the set
Up:={z€Z|1<z<nand gcd(z,n) =1},

whose cardinality is given by the Euler totient function ¢(n) := |Up|.
Component-by-component (CBC) construction.
Given n, s, and weights (yy)uc{1:s}, do

1. Set z1 = 1.

2. With z; fixed, choose z, € U, to minimize [l (z1, 22)]%.

3. With z; and z fixed, choose z3 € U, to minimize [eilf3(zl,22,23)]2.

From the previous lecture, we know that the generating vector obtained
using the CBC algorithm satisfies a certain a priori cubature error bound.

This week’s lecture: How to implement the CBC algorithm efficiently for
POD weights and prime n?

Remark: The so-called POD weights arise in the context of elliptic PDEs
with random coefficients (next week's lecture), hence our interest in

weights having this abstract form.
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Our strategy will be as follows:

o First, we will describe a computationally inefficient version of the
CBC algorithm. This will serve as a basis for a more efficient
implementation.

@ We will address the computational bottlenecks inherent in the naive
implementation of the CBC algorithm in order to construct an
implementation of the so-called fast CBC algorithm.

For the fast CBC algorithm, we will require some sophisticated
mathematical machinery (specifically, an algorithm for computing a
primitive root modulo n and carrying out circulant matrix-vector
multiplication using the fast Fourier transform), which will be discussed
later on.

205



Naive CBC construction
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We write the error criterion as

[ez}‘d(zl,...,zd)]2:%§ > %H&({kzj})

k=0 @#uC{1l.d} JEU
n—1 d
1

kz;
- »Ie({7))
iy \%::e E i n

uC{1:d}

=:pq,¢(k)

By plugging in the POD weights v, := Iy HjEu v;, note that we have the following
recursion (we split the sum over u in two parts depending on whether d € u)

it n(Ilo({%))

JEU
uC{1l.d}
kzj
= > (I
|u|=¢ JjEuU
uC{l:d—1}

)
-2 () gvaz({kz’}>)

<
st ({2
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Plugging the recurrence

I kzy
pde(k) = pa—1,e(k) + rtfé%/Bz ({ - }>Pd—1,€—1(k)

into the expression for the squared shift-averaged WCE vyields

n—1 d
[efr},ld(zlv-- zq)? = ZZPM
M=o =
1 n—1 d n—1 d kZ
= Zpd 1,0(k) + = ZZI—%Bz({ p })Pd—l,é—l(k)
k=0 (=1 k=0¢=1 1

= [y (21, zg-1)P + = ZBz<{kZd}>zd:rr_7de 1,0-1(k).

Recall that in the d*! step of the CBC algorithm, the components
z1,...,2Z4—1 are fixed and it is therefore sufficient to find z; € U,, which

minimizes the expression ZZ;% Bg({k—id}) Zgzl %Vdpd,l,g,l(k).
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Let us introduce the matrix Q,, := [Bz({k—nz})] zeU, and define a set

ke{0,...,n—1}
of n-vectors recursively via

r,
Pdgy¢ = Pg— 1e+7d|- Qn(z4,:)- *Pd—1,0—1

starting from the initial values

Pyo=1, foralld>1,
P4y =0, foralld>1and/{>d,

with .x denoting the componentwise product between two vectors.

Then the value of 33-¢ Ba({¥%}) >{_; #-74pa-1-1(k) in the d'®
step of the CBC algorithm can be obtained for all zy € U, via

d
[y
Qnx, where x = ——yypy_1 1.
=1 /—1
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CBC algorithm — naive version

1. Define the matrix ©, = [Bg({k—nz})] 2€U, and initialize the
ke{0,...,n—1}
n-vectors

Pao = 1, foralld>1,
P4y =0, foralld>1and/{>d.

ford=1,... s, do
2. Pick the value z4 € {1,...,n — 1} corresponding to the smallest entry
in the matrix-vector product

d
[
Qnx,  where x = Z depd—l,Z—l' (1)
=1 ‘7

3. Update py, = pg_1,0+ ’Yd%Qn(zdv ) * Pd—1.0-1-
end for
Remarks: We only need the ratio ay := % for the implementation, e.g.,
for 'y = £! this is ap = £. The computational bottleneck is the dense
matrix-vector product Q,x in (1), which has complexity O(n?). The fast

CBC algorithm reduces this product down to O(nlog n) complexity. »



Fast CBC algorithm
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What makes fast CBC fast?

The matrix-vector product Q,x has time complexity O(n?), which is too
slow if n is, say, of the order of a million or more. (Not to mention the
problem of storing a dense matrix of such size!)

However, the matrix €, has a lot of structure. It turns out that we can
implement the matrix-vector product Q,x in O(nlog n) time using some
sophisticated mathematical tools.

In a nutshell, we let n > 3 be prime and do the following:

@ Using some natural symmetries of {2,, we can ignore the first column
(since it corresponds to shifting the objective functional in the CBC
minimization step by a constant value) and it will be sufficient to
consider only the top-left block Q) := Q,(1 :m,2 :m+ 1), where
m:=(n—1)/2.

e For prime n, we can find a generator g (primitive root modulo n) and
use this to permute Q/, into a circulant matrix.

@ A circulant matrix implements a circular convolution, so a
matrix-vector product (in the permuted indexing) can be implemented
in O(nlog n) time using the fast Fourier transform (FFT). 212



Before getting to the implementational details of fast CBC, we will need to

@ discuss an algorithm to find a primitive root modulo n;

o discuss how to compute a circulant matrix-vector product using FFT.
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Primitive root modulo n

Definition
Let g,n € N. The number g is called a primitive root modulo n if for any
integer a € N such that ged(a, n) = 1, there exists an integer k (called the
index) such that

g" = a (mod n).
Such a number g is the generator of the multiplicative group of integers
modulo n, i.e., (Z/nZ)*.

Theorem (Gauss 1801)

A primitive root modulo n exists if and only if
enisl, 2, 4, or
e n=pX, where p >3 isa prime and k € N, or

o n=2pk, where p >3 is a prime and k € N.

Note especially that a primitive root modulo n exists whenever n is prime.
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Recall that the Euler totient function is defined by
o(n) = {k e N| 1<k <n, gcd(k,n) = 1}|. We have the following.

Proposition
The number g is a primitive root modulo n if and only if the smallest
positive integer k for which g =1 (mod n) is precisely k = ¢(n).

Lagrange’s theorem: the smallest k satisfying gX = 1 (mod n) divides
©(n). Therefore, it is enough to check for all proper divisors d|p(n) that
g? #1 (mod n).

However, we can do even better!
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Find the prime number factorization (n) = p7* - -- p,*. It turns out that it
is enough to check that g # 1 (mod n) for all d € {‘p("), e “’ég }. To
see this, let d be any proper divisor of ¢(n). Then there exists j such that

d!@,(,f , meaning that dk = w;(w,) for some k € N. However, if
g9 =1 (mod n), we would get

g? =g%= (g =1=1 (mod n).

That is, if g was not a primitive root, then one could find a number of the
#(n)
form ‘p,(J ") for which g # =1 (mod n).

#(n)
*. It is enough to check that g # # 1 (mod n) for all j € {1,...,¢}.
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Algorithm for finding a primitive root modulo n

1. Find the prime number factorization ¢(n) = p3* - p;*.
Iterate through all numbers g =1,2,...,n—1 and, for each number,
check whether it is a primitive root by doing the following:

o)
2. Calculate mod(g % ,n) for all j € {1,...,¢}.
3. If all the calculated values are different from 1, then g is a primitive
root.
Remark: In Python, the quantities in step 2 can be computed, e.g., via
pow (g, sympy.totient(n)/p;,n)
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Discrete and fast Fourier transform

The discrete Fourier transform of (complex) vector x := (x;)7_; is defined

as the vector y := (y;)7_; with

yj = Zxkefzﬂi("*l)(kfl)/", Jje{1,...,n},
k=1

and the inverse discrete Fourier transform is given by

1o mi(—1)(k—1)/n
ijn;ykez U=Dk=D)/n - j e {1,. .., n}.

The fast Fourier transform (FFT) can be used to carry out these
operations in O(nlog n) time. In Python, one has y = numpy.fft.fft(x)

and x = numpy.fft.ifft(y).
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Circular convolution

Let x := (x;)7_; and y := ()", be (complex) vectors. Then the
sequence z := (z;)7_, defined by

n
Zi = ZXk}/mod(ifk,n)Jrl? i € {1, ey n},
k=1
is called the circular convolution of x and y and we denote it by z := xx y.

Similarly to the continuous convolution, we have the following identity
using discrete/fast Fourier transform:

fft(x «y) = ££t(x).«E1t(y),

where x.xy 1= (x;y;)"_; is the pointwise product of two vectors.
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Circular convolution and circulant matrices

A matrix A € R™" is called circulant if it has the form

a ap-1 - as ai
ai ao an—1 a
A= al ag
an-2 = o dn-1
|9n—1 dn-2 ¢ ai ao |

@ Each row is equal to the row above shifted to the right by one
(wrapping around the edge in a periodic way).

@ The first column/row contains all information about the matrix.

@ A circulant matrix implements a circular convolution:

Ax = ax X, (2)

where a := [ag,a1,...,an_1]T is the first column of matrix A.
@ The identity (2) implies that a circulant matrix-vector product can be
implemented in O(nlog n) time as Ax = ifft(fft(a).xfft(x)).
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Putting it all together

The matrix-vector product Q,x in the CBC loop costs O(n?) operations.
However, it was shown by Kuo, Nuyens, and Cools (2006) that the blocks
of €, can be permuted into circulant form — the matrix-vector product
can be implemented in O(nlog n) operations using FFT.

Figure: Example with ©7. Note that the first column is a constant and can be
left out (the components of Q,x are shifted by a constant — the smallest
component stays invariant). Noting the obvious symmetries in the remaining four
blocks, we can focus on the top left block.
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When n is prime, it is possible to use the so-called Rader transformation to
permute the block matrices into circulant form. The permutation matrices
can be easily obtained by computing the generator, i.e., primitive root
modulo n.

Figure: The original block matrix is multiplied from both sides by Rader
permutation matrices (the black elements indicate the value 1 and white elements
indicate the value 0) to obtain a circulant matrix.
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Example with n = 1009

(sans first column).

Figure: Rader transformation turns the top left block matrix circulant.
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Python implementation given in the file fastcbc.py available on the
course webpage!
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@ The overall cost of the CBC algorithm with POD weights is

O(snlogn+ s%n).

For simplicity, we considered only the case where n is prime. An
extension for composite n was discussed by Nuyens and Cools

(J. Complexity 2006). The idea for composite n is that the complete
matrix €, can be partitioned in blocks which have a circulant or
block-circulant structure. The special case of n being a power of 2
has been discussed by Cools, Kuo, and Nuyens (SIAM

J. Sci. Comput. 2006).

There also exist freely available software implementing the fast CBC
construction, cf., e.g.,
https://people.cs.kuleuven.be/~dirk.nuyens/qmc4pde/,
https://people.cs.kuleuven.be/~dirk.nuyens/fast-cbc/,
https://qmcpy.org/, ...
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Recap: Suppose that f € Hs for all v = (Y )uc{1:s}. The unanchored,
weighted Sobolev space H; 4 is equipped with the norm

o 3 e )
5’7 ’Yu 0 1]\“\ [0’1]sf\u\ 8yu Y)Y —u Yu

uC{1l:s}

For any given sequence of weights ~v, we can use the CBC algorithm
(implementational details were considered during the 7% lecture) to obtain
a generating vector for a randomly shifted rank-1 lattice QMC rule
satisfying the error bound

1 2C(2A) lul\ 1/(2))
E /sf—onAsﬂs( 3( ) ) fllsy (1
VEa| 5P < @%mw o) Ifllsy (1)

for all A € (1/2,1]. We can use the following strategy:
e For a given integrand f, estimate the norm ||f||s .
e Find weights v which minimize the error bound (1).

@ Using the optimized weights -y as input, use the CBC algorithm to
find a generating vector which satisfies the error bound (1).
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Application to parametric PDE problems

228



For the application of QMC methods to parametric PDE problems, we
follow the survey papers

[@ F.Y. Kuo and D. Nuyens. Application of quasi-Monte Carlo methods
to elliptic PDEs with random diffusion coefficients - a survey of
analysis and implementation. Found. Comput. Math. 16:1631-1696,
2016. arXiv version: https://arxiv.org/abs/1606.06613

[@ F.Y. Kuo and D. Nuyens. Application of quasi-Monte Carlo methods
to PDEs with random coefficients — an overview and tutorial. In:
A. Owen and P. Glynn (eds), Monte Carlo and Quasi-Monte Carlo
Methods 2016, pp. 53—71. arXiv version:
https://arxiv.org/abs/1710.10984
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Let us first consider applying QMC for the uniform and affine model
problem discussed during week 4.
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Recall the uniform and affine model: let D C RY, d € {2,3}, be a
bounded Lipschitz domain, let f € L2(D), and let

U:=[-1/2,1/2]N := {(a)j>1 : —1/2 < a; < 1/2} be a set of parameters.

Consider the problem of finding, for all y € U, u(:,y) € H3(D) such that

/ a(x,y)Vu(x,y) - Vv(x)dx = / f(x)v(x)dx for all v € H3(D),
D D

where the diffusion coefficient has the parameterization
a(x,y) := aop(x —|—Zyﬂ/JJ , xeD, yel,

where ag € L*°(D), there exist amin, amax > 0
s.t. 0 < amin < a(x,y) < amax < 0o for all x € D and y € U, and the
stochastic fluctuations 1p;: D — R are functions of the spatial variable
such that

° wj € L>°(D) for all j € N,

o > =1 IYlliee(py < oo,

° > X 1H¢J||pc,o < oo for some p € (0,1).
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Total error decomposition

In practice, we need to truncate the infinite-dimensional parametric vector
y €[-1/2,1/2]N to a finite number of terms. Moreover, the PDE needs
to be discretized spatially using, e.g., the finite element method.

Let us(y) := us(y1,.--,¥s,0,0,...) denote the dimensionally-truncated
PDE solution for y € [-1/2,1/2]" (we often abuse notation and also
write us(y) for y € [-1/2,1/2]°), and let us 4(-, ¥) € V}, denote the
dimensionally-truncated FE solution in the FE subspace spanned by
piecewise linear FE basis functions. Furthermore, let {t;}?_; be a QMC
point set in [—1/2,1/2]°.
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Total error decomposition

For simplicity, let us consider the problem of computing E[G(u)], where
u(-,y) € H3(D) is the PDE solution for y € U and G: H}(D) - R is a
linear functional (quantity of interest). We decompose the total error as

1 n
/[—1/2,1/2]N G(U(.’ y)) dy - E ; G(U&h(.’ ti))
:/ (G(u(y) — us(-,y))) dy
[~1/2,1/2]"
+/ G(us(-,y) — tsp(-,y))dy
[1/2,1/2]5

1 n
+/ G(us.p(-, dy — — G(usp(-, t;)).
PR T LD S THEE)
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Using the triangle inequality, we are left with the total error decomposition

G(u(-,y)) dy—f G(u
‘/[1/21/2]N (u Z al

< ‘ / (G(u(-,y) —us(-,y)) dy’ (dimension-truncation error)
[~1/2,1/2]"

+ ‘ / G(us(-,y) — u57h(-,y))dy‘ (finite element error)
[~1/2,1/2]5

1 n
+ ‘ / G(ush(-,y))dy — - E G(us (-, t,-))‘. (cubature error)

Let us focus today on the cubature error.
Remarks:

e We'll discuss the other error contributions (dimension truncation and
finite element errors) later. Furthermore, we'll see how the analysis
differs in the lognormal setting.

@ It turns out that if we can control the error for all linear quantities of
interest G: H3(D) — R, we can control the error for the full PDE

solution with respect to the || - HH(}(D) norm using a duality argument.
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Multi-index notation
We introduce the set of finitely-supported multi-indices
F = {v e N : |supp(v)| < oo},
where the support of a multi-index v is defined as the set
supp(v) :=={i € N:v; # 0}.

As before, the order of a multi-index is defined as

ZEDNZ

jz1
and we use the special multi-index notations
8Vj Vi 1 %4 Vi
v._ gV .__ vo.__ J R J
vey= T Zow= T0 9 (4)= T (2)
. y: . .
j€supp(v) ~7J Jj€supp(v) j€supp(v)
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Recursive bound

Consider

Noting that

then by differentiating (2) on both sides with 9” and using the Leibniz

the weak formulation
/ a(x,y)Vu(x,y) - Vv(x)dx = / f(x)v
D D
a(x,y) ifvr=0,
a(x,y) = ¥i(x) ifv=ej
0 otherwise,

product rule! yields

o /D a(x,y)Vu(x,y) - Vv(x)dx =0

e

m<v

A

(;) / Ma(x)VO* "u(x,y) - Vv(x)dx =0

x,y)V0”u(x,y) - Vv(x)

jEsupp(v)

tov(fg) =

> mew (2)OTFO” Mg (exercise)

(x) dx.

- Yy / G(X)V* S u(x,y) - Vv(x) dx.
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Testing this against v = 0Yu(x,y) yields
aminHauu('v.y)H%—Ié(D)
< [ atx )90 u(x )| ax

< > villwillieoy 10T ul ¥ oy 10 uC ) ko)
0 0

J€supp(v)
Thus we obtain the recursive relation
v Hi,z) HL (D v
107 uC Doy < S v Pl (e, ) s oy,

. amln
Jj€supp(v)
=:b;

For later convenience, we introduce here the sequence b := (bj);>1 defined

by b; := M Recall that by the assumptions we placed on the
uniform and affine model, there holds b € (P for some p € (0,1).

237



Parametric regularity
Proposition
For ally € [-1/2,1/2]N and v € .#, there holds

Cellfll2(py Bl

IN

10”u(, ¥l (D)

dmin

where Cp is the Poincaré constant satisfying ||v||;2(py < Cp||v|]H1(D for
all v e H}(D).

Proof. By induction w.r.t. the order of the multi-index v € .%. If v = 0, then this is the
ordinary Lax—Milgram a priori bound

amio [ [Vu(x, ) dx < [ alx.y)Va(x.y) - Vulx,y)dx = [ Fxutx,y)dx
D D D
—_—
=0t o,
< WfllezylluC, Y)llzoy < CrllfllzmlluC ¥l o)
whence

_ Collflliey

HU('a.V)”Hg(D) = P
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Next, let v € % and suppose that the claim has been proved for all
multi-indices with order less than |v|. Then using the recursive relation we
derived previously, we obtain

10" uC. W) oy < D wibilld S u(,¥) o
Jj€supp(v)
Cpl|f
S P|| ”L2(D) Z ijj|y _ ej“bu_ej
Jj€supp(v)

Cellfll2(py
= ————=p¥(] ZVJ

Ami
min JZ]-

Amin

Cellfll2(py b7,
as desired. n
Remark. Note that the same regularity bound holds for the
dimensionally-truncated FE solution us j, as long as a (conforming)
Galerkin FE discretization has been used to construct the FE
approximation. This is due to the fact that the weak formulation of the

Galerkin discretization is exactly the same (only the function space differs).
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Now that we know the regularity of the PDE problem, we can analyze the
QMC cubature error! Let G: H}(D) — R be a linear and bounded
functional, us j the dimensionally-truncated FE solution, and define

F(y) == G(ush(-,y —3)) for y € [0,1]°. Let v = (3 )uci1:s} be
sequence of positive weights. Then we know that the generating vector
obtained by the CBC algorithm satisfies the error bound

\/EA‘IF oa F\2<((p(1n) Z 73(@;}2)11)1/(2)\)”,:

@#uC{l:s}

57’7

for all A € (1/2,1], where

oM >2
F(y)dy_, ) dy,
77 Z T /0 1]l </[o1 —lul Oxy (y)dy 4

uC{1:s}

Cp||G f 2
S( Pll HH&(D)—)]RH HL2(D)> Z |u|' QHbQ

Qi
min ug{lzs} J€u

IF 12

Plugging this norm bound back into the QMC error bound yields...
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“E“"f—%ﬂ%(x,,))””( s ()

o#uC{l:s}
1/2
X |u|' 1] b2> :
uC{l s} J€u

The upper bound can be minimized by choosing the POD weights

b\
Y= <’ ! H2C(2A)>

JEU (27.‘-2)

i

as explained by the following lemma.
Lemma

Let («j) and (B;) be sequences of positive real numbers. The expression
1/A
~(Sa) (T o)

is minimized by ~v; = c(%)l/(H/\) for arbitrary ¢ > 0.
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Proof. Let us find out when the gradient vanishes:

1 1/A-1
0=0;g(7) = 5 < > ai%*) Ay} (Z Bivi )
I 1/2
_ Bj'yj_z < Z a;’y?‘) .

After some trivial simplifications, we can see that this is equivalent to

,}/I)Hrl BJ Z ”yl
/ aJ Z[ 18/’}/[

Furthermore, this condition is satisfied if

N\ 1/(1X)
See(2)
o

J

where ¢ > 0 is arbitrary.

O
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Note that plugging ;i = c(%)l/(1+/\) into (Y; a,-'yiA)l/(L\)(Z, B;fyi_l)l/2

yields the expression (Zia}/(1+’\)ﬁf\/(1+>‘))(H)‘)/(D‘). Thus, plugging the
optimal POD weights into the QMC error bound results in

1\ /N
\/]EA‘ISF - QnAs”:‘2 S <> C(57'77 )‘)(1+)\)/(2>\)7
’ o(n)

where

2¢(22) /A NN
C(s,7,A) = Z ((2;2)2) (\u’!)2/\/(1+>\)Hbj /(A+2)
uC{l:s} jeu

This is the punchline:

Lemma

By choosing

. 5 when p € (2/3,1)
B 55 for arbitrary § € (0,1/2) when p € (0,2/3],

there exists a constant C(7,\) < oo independently of s
s.t. C(s,7,A) < C(v,A) < oo
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Proof. First observe that

2e (20 /(1+Y)
Cls,vN) = ), <(2<7(r2)3> (Ju VOO T o2V

uC{1l:s} Jeu

s 0/(142)
-3 ()" e 3 qpapoeny

= lu|=¢ Jj€u
uC{1:s}

< Z <2C ))4/ (142) (012N ()= <Z 2 1+)\))

j>1
where we used the inequality Z\u\:e,ucz+ HJ@ P < %(Zpl cj)e.
Case 1: p € (2/3,1). We choose p = 1+/\ & A=555€(1/2,1), and

C(s,7,\) < Z <22§F§;\/\)€/(1+A)(e!)p_l<z bf)

Jj21

=lay

—— 0. By the ratio test, this upper bound is

¢
It is easy to see that 2L =

ae
finite independently of s.
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Case 2 pe(0,2/3]. Letd 6 (0 1/2) be arbitrary. We choose

A= 53 €(1/2,1). Now 1+/\ = 355 € (2/3,1). Especially,

|b|| j2n/a+x) < ||bl|¢e, and we obtain from the estimate on the previous
slide that

) < 2)) )/ PV 23/’
S 7’ Z 2772 ( Z

j>1
20(2)) 0/(1+2) 2(o25)- 20/((3—26)p)
< il il 1)/ b?
<> (Gay)  @Ve(Ty
—0 j>1
=lay
Again, a’fjl oo —— 0, so by the ratio test this upper bound is finite

i4
independently of s. Ol
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Theorem
Let 6 € (0,1/2) be arbitrary. By choosing the POD weights

55 ifpe(2/3,1),

) 2/(14X)
’y ::< || y )\:{ )
“ ,eHu Tcg; SLo ifpe(0,2/3],

then the QMC approximation for the expected value of the PDE problem
satisfies o
1 p— .
R.M.S. error < {(W(”)) ifp e (2/3,1),

(zp(ln))l_(s pr € (0?2/3]7

where the implied coefficient is independent of the dimension s.

Remark: We have the following dimension-independent convergence rates:

@ nis prime = ﬁ = L. = QMC rate O(nm>{=1/p+1/2,-140}),

o n=2k= (p(ln) =2 = QMC rate O(nma{=1/p+1/2,1+5}),

@ For general composite n, the dimension-independent QMC rate is at
best essentially linear up to a double logarithmic factor of n.
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Remarks on implementation

Let G: H3(D) — R be a bounded linear functional. Consider the problem
of approximating

BIG )] = | Glush(-¥)) dy.
[-1/2,1/2]¢

where ug , is the dimensionally-truncated FE approximation to the elliptic

PDE with a uniform and affine diffusion coefficient.

Our QMC approximation is guaranteed to satisfy the R.M.S. error bound
from the previous slide if we plug the theoretically derived weights as input
to the fast CBC algorithm. This produces a generating vector z € N°. The
generating vector is designed to be used to compute the estimate

QnsRG Ush ZQ Ush

where QR¢F = L 7750 F({t; + A} = 3), ti = {47}, and
Ay, ..., Ag_; are independent random shifts drawn from U/([0, 1]°).
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Typically, the number of random shifts is taken to be rather small,
eg., 8 <R <64
A practical estimate for the R.M.S. error is given by the formula

R-1

Z(QnA,er - 6n,s,RF)2'

r=0

1

Eall.F — QAFP ~ | ——
\/A‘S Qn,s‘ R(R—l)

For the computation of the variance, note that
Var[G (us n)] = E[G(Us,h)2] - IE[G(Us,h)]2~

We already know how to approximate E[G(us )] using QMC, but the
weights need to be updated if we wish to construct a QMC rule with
a dimension-independent convergence rate for E[G(us )?] (exercise).
If a QMC rule converges independently of s for the approximation of
E[G(us,5)?], then the same rule will have dimension-independent
convergence for E[G(us 4)] as well.

If we instead wish to estimate E[us 4(x, -)] or Var[us s(x,-)] (i.e., leave
out the quantity of interest G: H}(D) — R), the same weights can be
used as input to the CBC algorithm (but we still need to prove this).
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We continue studying the uniform and affine model: let D C RY,
d € {2,3}, be a bounded Lipschitz domain, let f € L?(D), and let

U:=[-1/2,1/2]N := {(a)j>1 : —1/2 < a; < 1/2} be a set of parameters.

Consider the problem of finding, for all y € U, u(:,y) € H3(D) such that

/ a(x,y)Vu(x,y) - Vv(x dx—/ f(x)v(x)dx for all v € H}(D),
D

where the diffusion coefficient has the parameterization

a(x,y) := aop(x —|—Zijj , xeD,yeU,

where we assume
(A1) ag € L**(D) and v; € L>°(D) for all j € N,

(A2) there exist amin, amax > 0 s.t. 0 < amin < a(x,y) < amax < oo for all
xeDandye U,

(A3) X275, H@UJHPW < oo for some p € (0,1).
(Note that (A3) |mpI|es that 3% [[¢jll Lo (py < 00.)
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Let us(-,y) == us(-, ()1,---,¥s,0,0,...)) denote the
dimensionally-truncated PDE solution for y € U (we sometimes also write
us(-,y) fory € [-1/2,1/2)°), and let us p(-,¥) € V} denote the
dimensionally-truncated FE solution in the FE space spanned by piecewise
linear FE basis functions. Let G: H3(D) — R be a bounded linear
functional.

During the last lecture, we split the overall approximation error as

'/[1/21/2]NG u ».Y))dy—*ZG(ush t:))

< ‘ / (G(u(-,y) — us(-,y))) dy‘ (dimension-truncation error)
[~1/2,1/2]"

+ '/ G(us(-,y) — us,h(-,y))dy' (finite element error)
[-1/2,1/2]

(cubature error)

[ Gty dy—{;c(ush
[=1/2,1/2]

and found that it is possible to construct a QMC point set t; := {%}
satisfying the QMC cubature error rate O(p(n)m@{=1/P+1/2,-143}) " \here
the implied coefficient is independent of s, n, and h, and § € (0,1/2) is
arbitrary. Let us consider the other error contributions next.



Some auxiliary results
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Neumann series: “Sufficiently small perturbations of the
identity are still invertible”

We will require the following well-known generalization of the geometric
series formula, named after 19*" century mathematician Carl Neumann.

Theorem (Neumann series)

Let H be a Hilbert space and let A € L(H) be a bounded linear functional
with operator norm ||A|| < 1. Then | — A is invertible in L(H) with

(I—A)_lzl—{—A_|__|_A”_{_:ZAk7
k=0

and this series converges in operator norm.

Proof. Let B, n:= > 7_, A, m < n. Since ||A| < 1, we have

¢ k mm_n k m]' B HAHn—m+1 m,n—o0
1Bmall < > NAIF=IAI™ > IAl* = ||Al L= [A] 0.
k=m k=0

. The partial sums >_7_, A form a Cauchy sequence in L(H).
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Since H is a Hilbert space, £(H) is a Banach space and the limit
T k
B:= an;A € L(H)
exists. We need to prove that (/ — A)B=1= B(l — A). Let
By:=1+A+ -+ A"
Then
(I —A)B, =1 — A",
B,(I — A) =1 — A",
and since ||A|| < 1, [JA™1]| < ||A|"T =2 0, we thus obtain
| — AL 220 1 in £(H)

and

(1= A)B = lim (I = A)B, = = lim By(I — A) = B(I - A).

n—o0

O
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Multinomial theorem

The multinomial theorem is a generalization of Newton’s binomial formula.
Using multi-index notation, it can be expressed as

k!

(X1+"'+Xs)k = E JX
lv|=k
vENG

v

In fact, if x == (x;)2; € 1, then we have

j=1
2\ K k!
D) =D o
v!
Jj=1 lv|=k
vEF

and we will later require the following special case:

D
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The following lemma frequently appears in the context of best N-term
approximation.

Lemma (Stechkin’'s lemma)

Let A\ be a countable index set, let 0 < p < q < 00, and let (a,)yen be a

sequence. Let @ # Ay C N\ be a set of indices containing the N largest
terms of the sequence (a,)ycn- Then

1/q 1/p 1 1
au|? < N°' ay|P , r=—=——.
(3 ) s (Smr) o=

UE/\\/\N

Proof. WLOG, we can relabel the a-sequence so that (a;j);j>1 is
non-increasing, i.e., aj;1 < a; for all j > 1. We obtain

00 1/q 00 1/q S 1/q
( > |aj|"> =( > \aj\q-"ra,-rp) sraw—"/q( 3 rajrp)

J=N+1 j=N+1
e 1/q
< |aN|1—P/q<Z |aj|P) .

j>1

The key is to bound |an|*~P/9 in terms of N. 256



Standard technique: the monotonicity of the a-sequence implies that
Njan|P = [an|P + -+ |aw[P < [arP + -+ [anl? <D la)°
j>1

= anlP < NP gl
j>1

Hence

,
a7 = fanl? < v (lai?)

j>1
Plugging this into the inequality on the previous page yields

o 1/q e 1/q r+1/q
( > |3j|q> S\aN\lp/q<Z\aj\p) SNr(Z!%‘!”)

Jj=N+1 j>1 j>1
1/p
—r
=N ( E :‘aj‘p) )
Jj>1

where the final equality follows from the definition r =1/p — 1/q.
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Dimension truncation error
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Remark about infinite-dimensional integrals

Recall that U := [~1/2,1/2]N. We will be discussing infinite-dimensional
Lebesgue integrals of the form

/U f(y)dy,

where we have the infinite tensor product measure

dy := ® dy;.
j=1

The o-algebra F for dy is generated by finite rectangles Hj’il S;, where
only a finite number of S; are different from [-1/2,1/2] and those that
are different are contained in [-1/2,1/2]. The resulting triplet (U, F,dy)
is a probability space.

For in-depth measure-theoretic considerations cf., e.g., “Measure Theory”
by Halmos.
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For the purposes of this course, we can regard infinite-dimensional
integrals as limits of finite-dimensional integrals in the following sense:

/f(y)dy: lim / f(y1,---5¥s,0,0,...)dys - - dys. (2)
U [-1/2,1/2]

$§—00

The justification for this can be found, e.g., in “Infinite-dimensional
integration and the multivariate decomposition method” by Kuo, Nuyens,
Plaskota, Sloan, and Wasilkowski (J. Comput. Appl. Math., 2017). The
result is stated below without proof. (Homework: verify that the
conditions of the following theorem are valid for our PDE model problem.)
Theorem (Kuo et al. 2017)

Let f: U — R be integrable w.r.t. the measure dy = ®j’il dy;j which
satisfies

im f(y1,.--,¥0,0,...)=f(y) forae ycU,
S—00
f(y1,..,50,0,...)] < |g(y)| forae yecU

for some integrable function g: U — R w.r.t. the measure dy. Then the
characterization (2) holds.
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The following rate was proved in “Dimension truncation in QMC for
affine-parametric operator equations” by Gantner (MCQMC 2016).

Theorem (Dimension truncation error)

Suppose that the assumptions (A1)—(A3) hold and

1/l oo(py = [¥2ll oo (D) = 193]l oo(py > - -+ Then for every f € L?(D)
and every bounded linear functional G: H3(D) — R, there holds

)

fll 2 G
[ 66y~ uynay] < IEOIEEOE
u

dmin

where the constant C > 0 is independent of s, f, and G.
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Intermezzo

The dimension truncation proof is based on recasting the variational
formulation as an affine-parametric operator equation. Specifically, if
u(-,y) denotes the parametric PDE solution and f the source term, we
require for the analysis the (linear) forward operator

Aly):u(y) = f

and the solution operator
Aly) ™ e u( ).

To this end, we need to be careful with the function space setting (the
domains and codomains of A(y) and A(y)™1).
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First of all, let us denote the dual space of H}(D) as
H7Y(D) := (Hy(D)) := {F: H}(D) — R | F is linear and bounded}.

(This is a Hilbert space as a consequence of Riesz representation theorem.)

Let F € HY(D) and v € H}(D). Then the duality pairing of F and v is
defined as

(F,v)-v(py,Ha (D) = F(v):

In a certain sense, the element F € H=Y(D) is defined by its action on the
elements of H}(D). For example, fix some f € L?(D). Then (weighted)
integration over (parts of) the domain D, e.g.,

(Fovmsomor = [ FOOV()dx,

would be an example of an element of H=1(D).
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Let y € U and consider the bilinear form
By(v,w) = / a(x,y)Vv(x) - Vw(x)dx, v,w € Hi(D).
Now ’
By(v,w) < amax”VHHg(D)HWHH(}(D)7 v,w € H3(D), (boundedness)

|By(v,v)| > am;nHva_%(D), v € HY(D). (coercivity)

Then the Lax-Milgram lemma implies that for any F € H=1(D), there
exists a unique element u(-,y) € H3(D) such that
By(u(-,y),v) = F(v) forall veHi(D)
and IFllh-1p
luC ) a0y < 37_()-
Especially, the linear map A(y): H3(D) — H=Y(D), u(y) ~ F, is
boundedly invertible! with

HA(y)HHé(D)_,H—l(D) < 3max and HA(y)_lnH—l(D)—)H(}(D) <

— amin "

tNot trivial! See, e.g., Remark 2.7 in “Theory and Practice of Finite Elements” by
Ern and Guermond.
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Proof (dimension truncation). Let us introduce the operators
Ay), A%(y): Ho(D) — H_1(D),

Ay)::Bo—l-Zijj and As _BO+ZX/ s

j=1
where B;: H}(D) — H™Y(D) are defined by setting
(Bov, W>H*1(D) Hi(D) = (aoVv, VW>L2(D)a
<BjV7 W> H-1(D), Hl(D <1/1JVV VW>L2(D) fOI’j > 1.

The variational problem

/ a(x,y)Vu(x,y) - Vv(x)dx = (F, V>H—1(D)7H3(D) for all v € H}(D),
D
a(x,y) = ao(x) + Zyﬂﬁj(x)

where F ¢ H71 (D) can be expressed as an affine-parametric parametric
operator equation

Aly)u(y)=F.
Our assumptions (A1)—(A3) ensure that both A(y) and A°(y) are
boundedly invertible linear maps for all y € U.
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Suppose that 1 < s < s’. As a consequence of the a priori bound for the
PDE, we have

2116 10y Fll -
[ 6(uty) - uy)ay < TR

2HG”H vyl Fllh-1(py s72/P+1 < 2(|Gllg-1(pyll Fllg-1(py s72/PF1
—2/p1 = (s')~2/pHL’

amln amln

Thus it is sufficient to prove the claim for s > s’ with s’ large enough. To
this end, we assume that s > s’ where s’ is chosen to be large enough such
that

o0

> bi<

Jj=s+1

forall s > ¢ (3)

N~

For future reference, note that (3) also implies for all s > s’ that

o
forall j>s+1 and » b’ < Zbg
Jj=s+1 j=s+1

bjS

(4)

N~
I\J\
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We also have for all y € U that

1AW (D)= H-1(D) < amaxs 1AW (D)= H-1(D) < 3max
1

_ 1 PN
1AW) " -2y i(D) < S IAWY) 1oy trpy < ——

min dmin

For brevity, let us denote

u(y) = U(-,y), ye U,
us(y) == us(-,y), yeU.

Now u(y) = A(y)~1F, us(y) = A(y)~1F, and we can write

Aly) — A(y nyl’ yeU, seN
j=s+1
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Let w € H}(D). Then

HAS(.V)lejWHHg(D) <

[|Bjw | -1
dmin
1 <ijW,VV>L2(D)
- sup billwl 11y,
amin verrongoy  IVIikg(o)
_ Il () ) In

where the sequence b =
consequence,

(bj)j>1 is defined as b :=

Amin

sup [|[A°(y) " Bjll ¢ Hi (D)) < bj

yeU

sup [|[A*(y)”~
yeu

l(A(.V)_A (¥) H/;(Hl (D)) Z b; < — < 1.

Jj=s+1
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It follows from the previous discussion and the assumption s > s’ that the
Neumann series

Aly)™H =1+ A%(y) HAly) = A(9)) T A(y)
=> (A — A(y)) A ()
k=0

is well-defined. Moreover, we have the representation

J

)

(uly) — us(y)) dy = /U G((Aly)™* — A(y) 1)) dy

M

/U G((—A°(y) H(Aly) — A°(y))<us(y)) dy

[ o(( 3 vty )kusm) .

j=s+1

x
Il
i

p"qg

x
||
-
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The integrand can be expanded as

( i yJ'AS(y)‘lBj)kz i (Hyn,> <if[1A5(y)—1Bm>,

Jj=s+1 MyeeeyNk=5+1
where the second product symbol is assumed to respect the order of the
noncommutative operators. By Fubini’s theorem, we obtain

| <(J§1yjAs )kusm) dy
(/ Hyn, dy) (/ ((illes(y)‘an,-) us(y)> dy{l:s})'

=:h =:h

.- mk =s+1

@ /1 > 0 can be written as a product of univariate integrals of the form
0< flﬁz y/"dyj <1, m € N. Note that this vanishes when m = 1.

o [h] < HGHH 10y (TTizr supyeu 1A5() 2 Busll) lus ()l ey
HGH oylIFll
o HoHD )(Hll'(:]. b77i)'

amin
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Earlier we arrived at
o) e’} k

/ G(u(y) — us(y))dy = Z(—l)k/ G<< Z yjAS(y)—13j> us(y)> dy
k=1 u j=s+1

We can estimate the summands as

o (5 e o

j=s+1

16yl Fllwspy & :
. al > [ Tl ) (115
min k=1 i=1

< Mk= =s+1 !

_ 16l Fli-io / 5 (ﬁyn)(_nbm)dy

a
min Snk=s+1 i=1

1Gll 20y | Fll 1 SIAL
_ H (D). H (D)/U< Zyjbj> dy

a
min J:S+1

@) [l Flla-co / > ,’i:( Il yf“)( II bf"/j) v

min | v|=k Jj=s+1 J=s+1
20 vj<s 271
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The integrals vanish whenever v contains an element equal to 1, hence

ot (5 won) )

j=s+1
< G510yl FllH-1(D) 3 L
dmin v!
lv|=k
vj=0 V;<s
l/j;ﬁl Vj>s

We arrive at (note that the summand corresponding to k = 1 vanishes!)

‘/G () dy ‘ IGllH-1(py IIF Il 11 D)Z > ,,l

amln

k=1 |v|=k
vj=0 Vj<s
vj#1 Vj>s
Glly-10) || F |l -1 > Kl s Kl
_ ” HH (D)H HH (D)I:Z Z *bU‘FZ Z b,,:|,
amin = v! — v!
= lv|=k k=2 |v|=k
;=0 Vj<s ;=0 Vj<s
I/j?ﬁl Vj>s I/j?ﬁl Vj>s

where we split the sum into two w.r.t. k' > 3 to be specified later.
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The sum over k > k' can be bounded using the geometric series as

(o) kl [ee) o k
B v
> Y ey (X )
k=K' |v|=k k=k' N j=s+1
l/j:0 VJSS
l/j;él V_]‘>S

00 k'
3 1 i
< . - < ( 1/p+1)

j=s+1 j=s+1~J

where Stechkin's lemma yields >°°  ; b; < (Zle bj’.’) 1/Ps=1/p+1 3nd the

resulting constant C; := 2(21?21 bj'.’)k//p is independent of s, f, and G.
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On the other hand, for the sum over 2 < k < k’, we estimate

k'—1 k'—1

D —b” K-113 Y v

k=2 |v|=k k=2 |v|=k
vj=0 V;<s vj=0 V;<s
vj#l Vj>s vi#l Vj>s

For each 2 < k < k', we obtain
o

o< > b”:H<1+§bf>—1

lv|=k 0#|v|0o <k Jj=s+1
vj=0 Vj<s vj=0 Vj<s
Vj;ﬁl Vj>s I/j;ﬁl Vj>s
o0 1- bt o0
— 2 J 2
=11 <1+bjl_b> —1< [ @+26) -
j=s+1

Jj=s+1

Jj=s+1

where we used €¥ <1+ (e — 1)x for x € [0,1] and Stechkin’s lemma

Y b < (7 bj’-’)l/ps*2/”+1. G, is independent of s, f, and G

< exp <2 > bf) —1< Gs P Gi=2e—1)()_bP e
j=1
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Putting everything together, we conclude that

'/ ) — us(y))dy

< HGHH_l(D ”FHH_I(D) (Clsk/(*l/P‘i’l) + kll(k/ . 2)C25*2/P+1)‘

dmin

The two terms can be balanced by choosing k' := [(2 — p)/(1 — p)],
where [x] := min{k € Z | k > x} is the ceiling function. (Note that
k' > 3 for all p € (0,1).)

Since we already know that the result holds for all s < s/, the assertion for
all s > 1 follows by a trivial adjustment of the constant factors.

Finally, if the source term f € L?(D), we can associate it with an element
F € H7Y(D) defined by

(F, V>H*1(D),H(}(D) = /D f(x)v(x)dx, v e Hi(D).

Especially, ||F||-1(py < Cpl/f||2(p), where Cp > 0 is the Poincaré
constant. U
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Finite element error
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Suppose that D C RY, d € {2,3}, is a bounded, convex polyhedral
domain.

Let {V,}4 be a family of finite element subspaces of H3 (D), indexed by
the mesh size h > 0 and spanned by continuous, piecewise linear finite
element basis functions over a sequence of regular, simplicial meshes in D
obtained from an initial, regular triangulation of D by recursive, uniform
bisection of simplices.

In this setup, it is known (cf., e.g., Gilbarg and Trudinger) that for
functions v € H3(D) N H?(D), there exists a constant C; > 0 such that

V,:gf/ |lv — VhHHl ) < CthvH,_p (D)nH2(py s h =0, (5)

where [[V]] o)) == U1V o) + 18] )2

Note that we need higher H?(D) regularity of the PDE solution in order to
derive the asymptotic convergence rate as h — oo. This can be ensured,
e.g., when the diffusion coefficient is Lipschitz, f € L2(D), and the domain
D is a bounded, convex polyhedron.
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Proposition (Elliptic regularity)
Suppose that ag € W1>°(D) and ¢; € WY°(D) for all j > 1 such that
Cy = ijl ||1/1j||W1,oo(D) < 00, where

[v][wree(py := max{[|v| te(Dy [V V][Lo(D) }-

Then there exists a constant C, > 0 independent of y and f such that the
solution u(-,y) € H3(D) of the parametric PDE problem satisfies

luC )z oynre0y < Cellfllizpy  forally € U. (6)

v

Proof (sketch). Standard ellipticity theory implies that u(-,y) € H&(D) is
such that 3Au(-,y) € L2(D) for all y € U. Since now
lla(, ¥)llwr.eo(py < oo for all y € U, we obtain
=V (a(x,y)Vu(x,y)) = f(x) (V- (¥Vp) =V - Vo +pAp)
= —a(x,y)Au(x,y) = f(X) + Va(x,y) : VU(X,y)
< HfJL-Z(D) n HVa(nY)HLM(D)HU(,

min Amin

= ||AU('7J/)HL2(D) 7Y)||Hg(o)

< 11l 20y n llaol|w.00 () + Cy Crllfll2(p)

= G|fllizpy. O

Amin Amin Amin 278



Dimensionally-truncated finite element solution

Let as(x,y) := a(x,(y1,...,¥0,0,...)) fory € U. Fory € U,
Us h(-, ¥) € Vp is the dimensionally-truncated finite element solution if

/ as(x,y)Vusp(x,y) - Vv(x)dx = / f(x)v(x)dx forall v € V.
D D
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Finite element error in H} (D)

Recall that by Céa’s lemma, the finite element solution is a quasi-optimal
approximation in the following sense:

lusC+y) = ts.n( ) g0y < Cly) inf flus(y) = vallmy(o),

VhE

where the constant C(y) := % < dmax —: (3 < 00 can be

bounded independently of y € U due to our uniform ellipticity assumption.
Combining this with the approximation property (5) and the elliptic
regularity shift (6) yields

lus(,y) — usp( ¥) 120y < G Vhigf/h l[us(-, ) = vhllny (o)

(5)

< GGhllus(, ¥) 12 (oynH ()

(6)

< C3C1C2h||f”L2(D) as h— 0. (7)

However, if we measure the error in the L2(D) norm, the finite element
convergence rate can be improved by an order of magnitude.



Finite element error in L?(D)

Proposition

Under the same assumptions as the previous proposition, there exists a
constant C > 0 independent of s, h, f, and y such that

lus(-,y) = usn( ¥)lizpy < CH(Ifll 20y as h— 0.

Proof. Let g € L?(D). Fory € U, let ugs(-,y) € H}(D) denote the
solution to

/ as(x,y)Vugs(-,y) - Vv(x)dx = / g(x)v(x)dx for all v € H3(D),
D D

where as(-,y) .= a(-, ()1,--,¥s,0,0,...)). We test this against
v=us(-,y) — usn(-,y) and let v, € V}, be arbitrary.
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It follows from Galerkin orthogonality of the finite element solution that
(g,us(,y) — us (-, ¥)) 2(D)
— / 3s(xa}’)vug,s(xa}’) ’ V(US(X,y) - Us’h(x,y)) dx
D

= /Das(x,y)V(ug,s(XJ) — va(x)) - V(us(x,y) — us n(x, y)) dx

< amax|| g s(-, ¥) = Vallm oy llus (5 ) = usn (5 ¥) w0y
In consequence,
(g:us(-,y) — usn(- ¥))12(D)

. 8
< oY)t Doy i el ) = vallgoy:

where g € L?(D) is arbitrary. We now use the Aubin—Nitsche trick: recall
from the exercises of week 2(!) that the following identity holds
HFHL2(D) = sup (g, F)ppy forall Fe L2(D).

gel?(D)
||g||L2(D)§1

We take the supremum over {g € L2(D): lgll2(py < 1} in (8) to obtain...
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Hus('vy) - Us,h('a

.Y)||L2(D)
= sup (g, us(-,y) — ush(,¥)) 2Dy
gel*(D)
lgll2(py<1

< amaxHUs('7y) - us,h('ay)HH&(D

sup  (inf ugs-3) ~ vhlp(o)
geL?(D)  VhEVh
(QC Ol el 2(py<1
<GGGAh|fl2p 3Cth“gvs('w")”Hé(D)mHZ( )
(6)
<G Ghllgll2(p)
2
< Ch°|If |l 2Dy,

where the constant C := amax(C1C)? G is independent of s, h, f, and
y.

L]
Note especially that if G: L2(D) — R is a bounded linear operator, then

/U 1G(us(+y) — usn9) dy < ClIG 20y Flliz(o

2
L
where C > 0 is independent of s, h, and f
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Overall error

Let I(F) := [, F

Theorem

Let D C RY, d € {2,3}, be a bounded polyhedron, assume (A1)—(A3),
WlHLwSD) > ||| LoDy = 1%l Loo(p) = -+ -, and suppose that

ag € WH**(D) and ¢; € WH°(D) with 3222, [[¢jllwreo(py < 00. Let

G: L?(D) — R be a bounded linear functional and define b; := Hw’!::
Then using the CBC algorithm with the POD weights

2 ifpe(2/3.1),

2/(1+X) :
by A=
(‘u‘ Hjeu 2)\)/(271'2) ) {2_125 ifpe (0’2/3]’

as inputs to construct a randomly shifted rank-1 lattice rule
QAL(F) = ZZ;(I) F({ + A} - %) A € [0,1]°, we have the overall error

VEAI(G(1)) — QA(G(us 1)) PEC(p(n)m{-/PH1/2- 148} g2/ p2)

where the constant C > 0 is independent of s, n, and h.




Proof. We have the total error decomposition?

Ea[l/(G(1)) = Qus(us )] <9I = 15)(G(u))I?
+9|ls(G(us — u57h))|2
+9EA[/5(G(us)) — Qns(G(usp))?]-
We have already proved, under the stated assumptions, that there hold
(1 = 1)(G ()| = O(s*/P*1),
[Is(G(us — us,n))| = O(hz)v
Eal|ls(G(us ) — Qns(G(us )] = O(nm{=1/pH1/2.7150k),

from which the claim immediately follows.

tLet a,b,c > 0. Then

a+ b+ c<3max{a,b,c} =3y/max{a, b,c}? < 3va>+ b? + c2
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Extension of QMC theory to the full PDE solution without
a bounded linear quantity of interest G

Earlier, we discussed the QMC approximation for integrals of the form

E[Gus]—/ Gus(-y)) dy.

where G: H}(D) — R (or G: L?(D) — R) is a bounded linear functional
(quantity of interest).

But what if we wanted to approximate

Efus(x, )] = / us(x, y) dy

s

without a linear quantity of interest instead?

Idea: recall the variational characterization

||f||L2(D): sup <Gvf>L2(D)
Gel?(D)
||G||L2(D)S1

of the L2 norm.
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By Fubini's theorem, we have that

1s(us) = Qms(us)lizpy = sup (G, hs(us) — @ms(us)) 12(p)|
Gel?(D)
||G||L2(D)S1

= sup |IS(<G7 u5>L2(D)) - QnA,s(<Gv US>L2(D))|

Gel?(D)
||G||L2(D)§1

<ens(z;A) sup |G, us)
Gel?(D)
HGHL2(D)<1

where e, s(z; A) denotes the worst-case error of the shifted lattice
{ti+A:ie{l,...,n}}. Especially:

\/EAH/s(us QA(us)lI72py < ene(2)  sup (G, us)i2(pyls-

Gel?(D)
||G||L2(D)S1

The shift-averaged worst-case error € (z) is precisely the same object
that we have considered in the past, i.e.,

€8 (2)2 = 13 s e ino T p [ B2 ({4 }).
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In summary, even in this setting, we have the CBC search criterion

CHOEEEDY ’YuZH&({kZJ})

o#uC{l:s}  k=0j€u

The generating vector obtained using the CBC algorithm satisfies the
estimate

1 2¢(22)\ [ /™
Ballk(u) - Q& < (5 X ()
\/ o(n) it N7
x sup |G, us)i2(pylls~
Gel?(D)
||G||L2(D)§1

for all A € (1/2,1].
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Precisely the same analysis that we carried out before shows that choosing
the weights

>2/(1+)\) {2_Pp if pe(2/3,1),

s A=
5755 T PE (0,2/3],

b:
" <““jeHu NeToyeED:

with arbitrary § > 0, yields the QMC convergence rate

\/EAHI us) — QA (us)l|22p) = O(p(n)m{-1/p+1/2,-1+8}y

where the implied coefficient is independent of the dimension s.

Naturally, the dimensionally-truncated PDE solution in the above formula
can be replaced by the dimensionally-truncated FE solution us j (provided
that we use a conforming FE method, i.e., the domain D is a polygon and
we use, e.g., piecewise linear finite element basis functions to span the
finite element space V}).
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Today's lecture follows the survey article

[d F.Y.Kuo and D. Nuyens. Application of quasi-Monte Carlo methods
to elliptic PDEs with random diffusion coefficients - a survey of
analysis and implementation. Found. Comput. Math. 16:1631-1696,
2016. arXiv version: https://arxiv.org/abs/1606.06613

291


https://arxiv.org/abs/1606.06613

Introduction: transformation to the unit cube

Consider the (univariate) integral
| ey,

where ¢: R — R> is a univariate probability density function, i.e.,
ffooo #(y)dy = 1. How do we transform the integral into [0, 1]?

Let &: R — [0, 1] denote the cumulative distribution function of ¢, defined
by ®(y) := [¥_ ¢(t)dt and let ®~1:[0,1] — R denote its inverse. Then
we use the change of variables

x=0(y) & y=901(x)
to obtain
00 1 1
| ewotdy = [ e@t)ax= [ fax

where f := g o ®~1 is the transformed integrand.
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Actually, we can multiply and divide by any other probability density
function ¢ and then map to [0, 1] using its inverse cumulative distribution
function ¢~ 1:

| ety [ eV 54,

—o0 —oo ¢(y)
- [ &namay @(y) = Q2

1 1 _
- [[#@ 7 ax= [ Fde (Fmgod)
0 0

Ideally we would like to use a density function which leads to an easy
integrand in the unit cube. (Compare this with importance sampling for
the Monte Carlo method.)
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This transformation can be generalized to s dimensions in the following
way. If we have a product of univariate densities, then we can apply the
mapping ®~1 componentwise

y= CD*l(x) = [bel(xl), e CD*I(XS)]T

to obtain

s

/sg(y)Hsb(yf')dy = /

j=1 (071)5

g(¢1(x)) dx = / F(x) dx.

(0,1)°

(Of course, dividing and multiplying by a product of arbitrary probability
density functions would work here as welll)
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Lognormal model

Let D C RY, d € {2,3}, be a bounded Lipschitz domain. In the
“lognormal” case, we assume that the parameter y is distributed in RY
according to the product Gaussian measure pg = ® 21 N(0,1). The
parametric coefficient a(x, y) now takes the form

a(x,y) = ao(x eXP<ZWJ ) xeD, yeRY, (1)

where ag € L*°(D) with ag(x) > 0, x € D.
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A coefficient of the form (1) can arise from the Karhunen—Loéve (KL)
expansion in the case where log(a) is a stationary Gaussian random field
with a specified mean and a covariance function.

Example

Consider a Gaussian random field with an isotropic Matérn covariance
Cov(x, x") := p,(]x — x'|), with

e 2 i (o)

where I is the gamma function and K, is the modified Bessel function of

the second kind. The parameter v > 1/2 is a smoothness parameter, o is

the variance, and A¢ is the correlation length scale.

If {(Aj, &)}724 is the sequence of eigenvalues and eigenfunctions of the

covariance operator (Cf)(x fD pu(|x — X' )f(x")dx’, i.e., C&§ = \j§;,
where we assume that \; > /\2 -- and the eigenfunctions are
normalized s.t. |||l ;2(py = 1, then we can set 1;(x) := \/A;§(x) in

to obtain the KL expansion for this Gaussian random field.
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Lognormal model: let D C RY, d € {2,3}, be a bounded Lipschitz
domain, and let f € H™}(D). Let ¢; € L°°(D) and b; := ||1)j| 1 for
Jj € N'such that 3722, b; < 00, and set

Up := {y cRN: ij]yj] < oo}.
j=1

Consider the problem of finding, for all y € U, u(-,y) € H3(D) such that

/ a(x,y)Vu(x, y) - Vv(x) dx = (£, V)yspy oy for all v € HY(D),
D

where the diffusion coefficient is assumed to have the parameterization

[e.e]

a(x,y) := ap(x) exp (Zijj(x)>, xeD, ye Up,

j=1

where ag € L*°(D) is such that ag(x) > 0, x € D.
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Standing assumptions for the lognormal model

(B1) We have ap € L*°(D) and 372, b; < oo.

(B2) For every y € Up, the expressions amax(y) := max, g a(x,y) and
amin(y) := min__5 a(x, y) are well-defined and satisfy
0 < amin(¥) < a(x,y) < amax(y) < oo.

(B3) 32724 bf < oo for some p € (0,1).

Remark: Note that in the lognormal case, a(x,y) can take values which
are arbitrarily close to 0 or arbitrarily large. Thus, the best we can do is to
find y-dependent lower and upper bounds amin(y) and amax(y). This will
lead to a y-dependent a priori bound and, consequently, y-dependent
parametric regularity bounds. This will make the QMC analysis more
involved, leading one to consider “special” weighted, unanchored Sobolev
spaces.
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Clearly, the diffusion coefficient a(x,y) blows up for certain values of

y € RN (think of y; = bj_l), but the PDE problem is well-defined in the
parameter set Up which turns out to be of full measure in

(RY, B(RY), p16).-

Lemma

There holds Uy, € B(RY), where B denotes the Borel o-algebra and
pe(Up) = 1.

Proof. See Lemma 2.28 in “Sparse tensor discretizations of
high-dimensional parametric and stochastic PDEs" by Ch. Schwab and
C. J. Gittelson (2011). O
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The previous lemma implies that
I(F) = [ F&)ucn) = [ Fy)uc(ay).
RN Up

Thus, it is sufficient to restrict our parametric regularity analysis to
y € Up, for which a(x,y) (and hence u(x,y)) are well-defined.

Let G € H71(D), our (dimensionally-truncated) integral quantity of
interest can thus be written as

= u(- - ; = u(dH(w w
K(G(u) = [ 6 LTty /WG( (07 (w)d

1
<5
= QnS( ( ( 1())))5

where Qp s represents a QMC rule over an s-dimensional point set
{ti}7=1 - (O, 1)5'
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Akin to the uniform case, we have a total error decomposition of the form

[1(G(u)) — Qn,s(G(us,n))| < [1(G(u — up))|
+ [1(G(un) — G(us,n))l
+ |IS(G(”S,h)) - Qn,S(G(US,h))‘-

We focus on the QMC error, but briefly mention the corresponding
dimension truncation and finite element error results below. For further
details, see Graham, Kuo, Nichols, Scheichl, Schwab, Sloan (2015).

e If D C R? is a bounded convex polyhedron, f € L?(D), G € L?(DY,
and a(-,y) is Lipschitz for all y € Up, then the finite element error
satisfies E[G(u — up)] = O(h?). (Similar result holds for D C R3.)

@ For the Matérn covariance with v > d/2, there holds
[1(G(un)) — I(G(usp))| = O(s7X), 0<x<%—1

There has been some recent work on generalizing this result, cf., e.g.,
Guth and Kaarnioja (2024): https://arxiv.org/abs/2209.06176

301


https://arxiv.org/abs/2209.06176

Let us focus on the QMC error
1 < _
[ Gluenoy)dy = 37 Gluel 0 (),
k=1

In this setting, we have

s

P = [ FOTTotdy = [ F@ 7 (w)dw

=1 (0.1)°

and the randomly shifted QMC rules

k=1
_ 1k (
Qnr(F) =% 2_; Qni(F),
where we have R independent random shifts A4, ..., Ag drawn from

U([0,1]%), ti := {¥2}, with generating vector z € N°.



Function space setting

Kuo, Sloan, Wasilkowski, Waterhouse (2010): It turns out that the
appropriate function space for unbounded integrands is a “special”
weighted, unanchored Sobolev space equipped with the norm

X (wa (YJ)> dyu} v

J€Eu
where we have the weights

w?(y) == exp(—2aly]), a; >0,

Brief idea: We're interested in functions of the form g(y) = f(®~(y)), where f € F.
Now there exists an isometric space G of functions s.t.
fEF & g=f(®7'() eGand|lf]r=gle.
If F is a RKHS with kernel Kz, then G is a RKHS with kernel
Kg(x,y) = Kr(®7*(x),®*(y)). Thus the core idea is to investigate Sobolev spaces

over unbounded domains which can be mapped isomorphically onto weighted Sobolev
spaces over (0,1)°.
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Theorem (Graham, Kuo, Nichols, Scheichl, Schwab, Sloan (2015))

Let F belong to the special weighted space over R® with weights ~, with ¢
being the standard normal density, and the weight functions w; defined as
above. A randomly shifted lattice rule in s dimensions with n being a
prime power can be constructed by a CBC algorithm such that

) \ 1/(2))
VoaltF = rE< (2% R[[sM) Il

o#uC{l:s}  j€u

where \ € (1/2,1] and

V21 exp(a? /n.) \* 22 -1
(N — i 1 _
QJ()\) 2(71'2_277*(]_ _77*)77*> C()\+ 2) and e 4\ )

with {(x) := 4=, k=* denoting the Riemann zeta function for x > 1.

The steps for QMC analysis are the same as in the uniform case: (1)
estimate || - ||s4 for a given integrand (2) find weights « which minimize

the upper bound (3) plug the weights into the new error bound and

estimate the constant (which ideally can be bounded independently of s).



Applying the theory in practice

Let us consider the parametric regularity of
/Da(x,y)Vu(x,y) Vv(x)dx = (f,v) -1 pypppy Forall v e H3 (D),

where a(x,y) := ao(x) exp (Zj’il yjvj(x)) and f € H71(D).

Our strategy will be to obtain a parametric regularity bound for

H\/ 7y vau 7y HL2 (D)»

that is, we find a sharp estimate 0”u(-,y) in the energy norm, and then
use the coercivity of the problem to bound this from below by

1V a(, y)VO”ul, ¥)lli2(py = v amin(¥)[[VO” u( '7y)||L2(D)
= Vamin ()07 u(, ¥)l hao

(Compare with task 1 of Exercise 2, where we used a similar technique to
obtain a better constant for Céa’s lemma!)
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Lemma

. oW lao
IVl )90 uplizo) < M- Zr S,

where (Ak)?2, are the ordered Bell numbers defined by the recursion

k
No:=1 and M= Z (:)/\H, k> 1.
/=1

Proof. By induction with respect to the order of the multi-indices. The
case |v| = 0 is resolved by observing that

||3(',Y)1/2VU('7Y)||f2(D):/Da(x,.V)VU(X7Y)|2dX=/Df(X)U(X,Y)dX
< [ fllp—2yluC ¥) 20

1Fll -0
< 2O o )2V u(, y) oy

N vV amin(y)

306



Next, let v € .Z \ {0} be such that the claim has been proved for all
multi-indices with order < |v|. By exploiting the fact that

= [T%0)"

j>1

<b”

)

Kol
a(,y)

L>=(D)

we obtain (using the Leibniz product rule)

> (;) /Dama(X,y)Va”_'"U(X,y)-Vv(x) dx = 0

m<v

& /Da(x,y)V(?”u(x,y) - Vv(x)dx

. (;) /D O a(x,y) VO*~Mu(x,y) - Vv(x)dx.

07msy 9™Ma(x.y)

G

Testing against v = 0% u yields...
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Hal/z('a.V)V@”U('J)H@(D) - /Da(x,y)Wu(x,y)!2 dx

AT

a(x,y)

< 3 (1)1 VO o80T ule )iz

0#m<v

' a(x,y)Vo* Mu(x,y) - Vo”u(x,y) dx

leading to the recurrence relation
174 v vV —
Hal/2(.7y)V8 U(-,y)HLQ(D) < Z <m> bmHal/2(.’y)V8 mU(',y)||L2(D)
0£m<v

By our induction hypothesis,

fll,—
||al/2(-,y)V3V_’"u(-,y)HLz(D) < /\|,,|_‘m‘b”_m”|lk’%. This results in...
aminlyY
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1/2 v Vim)_1/2 v—m
2T o = X (2 )BT i) o)

0#£m<v

I fllH-1(0 (V)
< b= |- 1mi
amin(y) 0¢Zm:<U m "

ey, s (2)

|m|=¢
m<v
1flln-1(p) (WD
= b2\ ),
amln( Z l ‘ -
1flln-1(p)

= bV /\|V‘ D

V amin(y)
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A bound for Ay

The ordered Bell numbers have the following simple upper bound.

Lemma (Beck, Tempone, Nobile, Tamellini (2012))

_ K
K= (log2)*
Proof. By definition Ay = 32/_y (§)Ak—r = X0y 4 (%557, Ao = 1. Define
f = k| ; then clearly
k fi
o= T h=A=1
/=1

We prove by induction that f, < ak for some o > 1. The base steps
k =0,1 hold for all & > 1 due to fy = f; = 1. Thus we assume that the
claim holds for f1, ..., fr_1.
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where the last step holds provided that

ea —1<1 & ea <2

1
& —<log?2
«
& s 1
a> —.
~ log?2
Thus f, < o for all @ > @(> 1). We get the sharpest bound by taking
a = @, which yields
N = ki <

(log 2%

as desired. n

311



Proposition
Ifllg-1py |
min_ 5 ao(x) (log 2)

Hauu('vy)HHé(D) < v buHeXp(bj‘yj’)
Jjz1

Proof. From the previous discussion, we have that

Vamin(W)IVO”u(-, ¥) 2oy < IV al ¥)VO¥u(-, )l 2(p)
H |H-1(D)
amin(y)
it L Iflla-1(p)
= (log2)lV amin(y)
[y |,
amin(y) (log2)M!

< A b”

= 10%u( ¥)lhypy <
The claim follows by observing that
1 1 o Pz |yJ'HWjHL°°(D))'

amin(y)  min 5 (ao(x) exp(2>1 yivi(x))) ~ min, <5 a0(X)
L]
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Estimating the special weighted Sobolev norm
Let G € H71(D). Then

1G(W)I2

- 1 M . Ty

PSS ([ 2 s ,y»gamdy_u) [T =),
(D (TT-22Y [ TTew@bily N

< 3 E (i) [ Hesn oo T oo

= (‘u’|)2 bJ i €x Vi . .

_ug%;s} Yo (glog2) (JI;I/R p(zb”y")qb(y’)dyf)

=2exp(2b7)®(2b))

x (H /R exp(2bj\yj\)wf(yj)dyj>

JEU
Multiplying and dividing the summand by Hj€u2exp(2bj2)¢(2bj) yields...
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I6(IE,
<y Ly

uC{1l:s} T

<H 2exp 2b2)¢(2bj)>

j=1
b2
% (JI;I 2(log 2)? expj(2bj2)¢(2bj) /Rexp(ij|yj|)wf(yj) dyj>'

Recall that w? 2(y;) = exp(—2q;ly;|). If aj > bj, then

Jrexp2bily; e} (v)) dyj = 555

and we obtain

162,
2 o
<y b <H2exp(2bf)¢(2bj)>
uC{1:s} T Jj=1

bf
x <g 2(log 2)? eXP(ijg)q)(ij)(O‘j - bj)>' 514



The remainder of the argument follows by similar reasoning as the uniform
setting: the error criterion is minimized by choosing the weights
H b 2/(1+2)
icu V2(log 2) exp(b7)/®(2b;) (e — bj)o;(\)

for u C {1: s}, with

\ {2125 for arbitrary § € (0,1/2) if p € (0,2/3],

52 if pe(2/3,1).

The resulting bound can be minimized with respect to the parameters «;.
This corresponds to minimizing 0;(\)¥/*/(a; — b;) with respect to a;,

which yields
1 [ 1

We obtain the overall cubature error rate O(nmx{~1/p+1/2,-1+3})
independently of the dimension s. Thus using the weights (2) as inputs to
a (fast) CBC algorithm produces a QMC rule with a dimension
independent convergence rate in the lognormal setting!

()
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Elliptic PDE

Many physical phenomena can be modeled using elliptic partial differential
equations of the form

-V - (a(x)Vu(x)) = f(x), xeD,
+boundary conditions

Uncertainties can appear in the material parameter a, source term f,
boundary conditions, or the domain D.

@ For the purposes of analysis, we consider the weak formulation of the
PDE. Under certain conditions, the solution to the weak formulation
can be shown to exist and be uniquely defined.

@ When we solve the PDE numerically using the finite element method,
we are actually approximating the solution to the the weak
formulation of the PDE problem.

e Under suitably strong regularity assumptions (D convex Lipschitz
domain, f € L2(D), and a Lipschitz), the weak solution satisfies
-V - (a(x)Vu(x)) = f(x) for a.e. x € D with u|gp = 0.
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Let D C RY be a nonempty open set.

1/2
[*(D) := {v: D — R | v is measurable, Ivll2p) := (/ |v(x)\2dx> < oo},
D

HY(D) := {v € L*(D) | §;v € L*(D) for all j € {1,...,d}},
with [|v[l o) = (IVIIZ2p) + HVVHiZ(D))l/27

Go° (D) :={v € C=(D) | supp(v) C D is a compact set},
where supp(v) := {x € D | v(x) # 0},

H&(D) = ClHl(D)(Cc?O(D))-

The spaces L?(D), H*(D), and H3(D) are Hilbert spaces.

Poincaré’s inequality: if D C R is a bounded domain, then there exists a constant
Cp > 0 (depending on the domain D) such that

IVlli2py < CelIVVlli2py for all v € Hy(D).

Therefore, we can define an equivalent norm in Hg(D) by setting
IvIlba oy = IV Vlliz(p)-

This induces exactly the same topology in Hy(D) as the usual Sobolev norm || - || 1(py-
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Trace theorem and boundary values

Trace theorem: Let D be a bounded Lipschitz domain. Then the trace
operator

v: C*(D) — C*(0D), vu = ulsp,
has a unique extension to a bounded linear operator y: H}(D) — L2(9D).

This means that even though u € HY(D) is not well-defined over a set of
measure zero, we can interpret its restriction to the boundary of the
domain D as the trace yu € L2(9D).

Especially, Sobolev functions u € H*(D) with zero trace are precisely the
elements of H(D):

ue H}(D) & ~yu=0:0D—R.
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Q: How to solve such PDE problems in practice?
A: We consider the weak formulation of the PDE problem: given
f € L2(D), find u € H}(D) such that

/ a(x)Vu(x) - Vv(x)dx :/ f(x)v(x)dx forall v € H}(D), (1)
D D

=:B(u,v) =:F(v)

where F: H}(D) — R is a bounded linear functional. If there exist
Amins dmax > 0 s.t. 0 < amin < a(x) < amax < oo for all x € D, then the
bilinear form B: H}(D) x H3(D) — R is bounded, i.e.,

B(u, v)| = ’/Da(x)Vu(x)  V(x) dx

< amaxl|ull a0y lIV Il (D)

for all u,v € H}(D), and coercive, i.e.,

B(u, u) = ‘ /D a(x)Vu(x) - Vu(x) dx

the Lax—Milgram lemma ensures that there exists a unique solution
u € H}(D) to (1).

> amin||ullpy for all u € H} (D),
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Galerkin method

To solve the system approximately, let V,, C H}(D) be a
finite-dimensional subspace of the solution space H3(D).

The Galerkin solution up, € Vp, of the system (1) is the unique solution
such that

/ a(x)Vum(x) - Vv(x)dx _/ f(x)v(x)dx forall v e V.
D

D

Let V), be spanned by %1, ...,%¥y. We can write the solution as
Um = Y iq cithi. The above system reduces to the linear system of
equations

|:fD Vipi(x) - Vi (x)dx - [ Vip1(x) - Vipm(x) dx] |:c1j| |:ID f(x)wl(x) dx]

o Vibm(x) - Ve (x)dx - [ Vibm(x) - Vibm(x) dx) Lem I f( ¢m(x

Solving this system and plugging the expansion coefficients back into the
expression for up, yields the Galerkin solution.



Céa’'s lemma

The solution to the Galerkin system is quasi-optimal in the following sense:

amax

|u— um”H(}(D) < inf [lu— VmHHé(D)'

Amin Vm€Vm
That is, the H3(D) error between the true PDE solution u and the

Galerkin approximation u,, differs from the optimal approximation in V,,
up to a constant factor.

322



Finite element method

The finite element method is a particular method of constructing the
finite-dimensional subspaces V,, of the solution space H(D).

@ Construct a triangulation for the computational domain D.

@ The space V,, is spanned by piecewise linear functions ¥1,...,%m
which are constructed to satisfy

T
?/)i("j):{ e

0 otherwise,

where ny, ..., n, are the interior nodes of the triangulation.

@ The finite element solution can be written as
up(x) =31, cii(x) € Vj, where the expansion coefficients are
solved from the Galerkin system. Note that up(n;) = ¢;.

o If vp(x) =>"", civi(x) € Vp, then, eg., )y = vVcTMe,
where ¢ := [c1,...,cm]T and M = [M’J]T/ 1 is the mass matrix
defined elementwise by M;; := [ ¢i(x)¢j(x)dx, i,j € {1,..., m}.

323



05 '\ 05 05
; : ?
:
00 00 00
05 DS‘ 05
? : ?
0o 00 00
) ) )
: :
05 05 05 05 05 05

Figure: Left: An illustration of global, piecewise linear FE basis functions
spanning V}, over a regular, uniform triangulation of (0,1)2. Right: Bird's-eye
view of the same global FE basis functions.
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Random field

Definition

Let D C RY and let (Q, F, 1) be a probability space. A function
A: D x Q — X is called a random field if A(x, ) is an X-valued random
variable for all x € D.

Definition

We call a random field A: D x Q — X square-integrable if

/ |A(x,w)[? u(dw) < oo for all x € D.
Q

Our goal will be to model (infinite-dimensional) input random fields using
finite-dimensional expansions with s variables.

Comment on notation: In what follows, s will always refer to the
“stochastic dimension” (dimension of the stochastic/parametric space)
while d will refer to the “spatial dimension” (dimension of the spatial
Lipschitz domain D C RY, d € {2,3}).
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Mercer's theorem

Let a(x,w) be a square-integrable random field with mean
3(x) = /Qa(xmz) u(dw), x €D,
and a continuous, symmetric, positive definite! covariance
K(x,x') = / (a(x,w) — 3(x))(a(x', w) — 3(x")) ().

Mercer's theorem: the covariance operator C: L?(D) — L[*(D),

(Cu)(x) :/DK(x,x’)u(x')dx', x €D,
has a countable sequence of eigenvalues {A«}«>1 and corresponding eigenfunctions
{¥i}i>1 satisfying Ciox = Aktbi such that Ay > X2 > -+ >0 and A« — 0 and the

eigenfunctions form an orthonormal basis for L?(D).
Note that this means:

/D K (Y'Y dx’ = M (x), / (X (x) dx = G

tIn this context, positive definite means: for all choices of finitely many points

Xi,...,xx € D, k €N, the Gram matrix G := [K(x;, ;)] ;1 is positive semidefinite.
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The Karhunen—Loeéve (KL) expansion of a random field

Theorem

Let (Q, F, 1) be a probability space, let D C RY be closed and bounded,
and let a: D x Q — R be a square-integrable random field with
continuous, symmetric, positive definite covariance

K(x,x") =E[(a(x,-) —a(x))(a(x’,-) — a(x’))]. Then the eigensystem
(Ax, k) € Ry x L%(D) of the covariance operator C: L?(D) — L?(D), as
described on the previous slide, can be used to write

a(x,w) = a( +Z\/>§k

where & (w / (a(x,w) —a(x))Yk(x) dx,

where the convergence is in L2 w.r.t. the stochastic parameter and uniform
in x. Furthermore, the random variables £ are zero-mean uncorrelated
random variables with unit variance, i.e.,

E[§] =0 and E[§k&] = 6k
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The Karhunen—Loéve (KL) expansion of random field a(x,w) can be
written as

a(x,w) =a(x) + Z \/)kak(w)q/)k(x).
k=1

@ The KL expansion minimizes the mean-square truncation error:

la(x, w)=3(x) = 5oy VARER @)k (]2 irzgoy = (Siers M)

@ The random variables &, are centered and uncorrelated, but not
necessarily independent.
o If the random field a(x,w) is Gaussian — by definition, this means that

(a(x1,w),...,a(xk,w)) is a multivariate Gaussian random variable for
all x1,...,xx € D, k € N — then the random variables & are
independent.

@ The KL expansion is an effective method of representing input
random fields when their covariance structure is known. If the
(infinite-dimensional) input random field has a known covariance
(which satisfies the conditions of Mercer's theorem), then we can use
the KL expansion to find a finite-dimensional approximation, optimal
in the mean-square error sense. 328



Modeling assumptions

In engineering and practical applications, the idea is that we have some a priori
knowledge/belief that the unknown input random field is distributed according to some
known probability distribution with a known covariance.

@ If the input random field is Gaussian with a known, nice covariance function!, then
we use the KL expansion to find a reasonable finite-dimensional approximation of
true input. Since the KL expansion decorrelates the stochastic variables, and
uncorrelated jointly Gaussian random variables are independent, we can exploit the
independence of the stochastic variables to parameterize the model problem.

@ If the input random field is not Gaussian, then the stochastic variables in the KL
expansion are uncorrelated but not necessarily independent. For the purposes of
mathematical analysis, we typically assume that the random variables in the input
random field are independent so that we can parameterize the model problem.
(Transforming dependent random variables into independent random variables can
be done using, e.g., the Rosenblatt transformation, but this is computationally
expensive.)

Note especially that in the Gaussian setting we do not need to make any “extra” effort
to ensure the independence of the stochastic variables in the KL expansion.

tMatérn covariance is an especially popular choice.
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Example (Lognormal input random field)

Let D C RY, d € {2,3}, be a Lipschitz domain and consider the PDE
problem

{—v - (a(x,w)Vu(x,w)) = f(x) for x € D,
u(-,w)lap =0,

where f: D — R is a fixed (deterministic) source term. We can model a
lognormally distributed random diffusion coefficient a: D x 2 — R using
the KL expansion, e.g., as

a(x.0) = () ( S nNalx)). i N(O.1)

k=1

where ag € L*°(D) is such that ap(x) > 0 and the random variables y, are
uncorrelated (and thus independent in the Gaussian case).

Due to the independence, we can consider the above as a parametric PDE
with a(x,y) = a(x, y(w)) and u(x,y) = u(x,y(w)), where (formally)
y € RN is a parametric vector endowed with a product Gaussian measure.
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Example (Uniform and affine input random field)

Let DC RY, d e {2,3}, be a Lipschitz domain, f: D — R is a fixed
(deterministic) source term, and consider the PDE problem

{—v -(a(x,w)Vu(x,w)) = f(x) forx € D,
u('aw)’()D =0.

We can model a uniformly distributed random diffusion coefficient
a: D x Q — R using the KL expansion, e.g., as

a( —ao —i—Zyk X kNU( 5 %),

where the random variables yy are uncorrelated. Unlike the Gaussian
setting, the random variables y, are generally not independent!

In numerical analysis, the random variables y, are often assumed to be
independent — this allows us to consider the above as a parametric PDE
with a(x,y) = a(x, y(w)) and u(x,y) = u(x,y(w)), where y € [-3, 3]V
is a parametric vector endowed with a uniform probability measure.
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To estimate the statistical response, note that in the lognormal model the
expected value of the PDE solution is given by

s 1,2

e 2%
Elu(x, )] = lim u(x, d
(e = Jim [ Qv

while in the affine and uniform model the expected value of the PDE
solution is given by

S§—00

Blu(x. )] = im_ [ u(x,y)dy.
[-1/2,1/2]¢

@ In practice, we need to truncate these infinite-dimensional integrals
into finite-dimensional ones, incurring the so-called dimension
truncation error. Since the PDE is solved numerically using the finite
element method, this also incurs a finite element discretization error.

@ To compute the resulting high-dimensional integrals for the
dimensionally-truncated, finite element discretized PDE solution we
use a quasi-Monte Carlo (QMC) method.
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Quasi-Monte Carlo (QMC) methods are a class of equal weight cubature
rules

1 n
fly)dy ~ — f(t;),
/[0,115() ”,;()

where (t;)7_; is an ensemble of deterministic nodes in [0, 1]°.
The nodes (t;)?_; are chosen deterministically.

QMC methods exploit the smoothness and anisotropy of an integrand in
order to achieve better-than-Monte Carlo rates.
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Lattice rules

° ° L4 ° °
° [ ]
Rank-1 lattice rules o ., e T :
° L]
1< . ‘ ° ° o . ‘ ° °
Qn,s(f): ;Zf(t') . ¢ . ° * ° °
P I .
i=1 o ° . ° . . ° .
have the points o« * ., e . °
° L[]
iZ : L4 ¢ ° * ° 9
t,-:rnod(—,l), ie{l,...,n}, . * ., o
n ° L4
. . . o . . °
where the entire point set is determined by . ° « ., e ¢
the generating vector z € N°, with all o« * e . °
components coprime to n. Lattice rule with z = (1,55) and n =89

nodes in [0, 1]?

The quality of the lattice rule is determined by the choice of z.
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Randomly shifted lattice rules

Shifted rank-1 lattice rules have points

t;zmod(I;—FA,l), ie{l,...,n}.

A € [0,1)° is the shift

Use a number of random shifts for error estimation.

Lattice rule shifted by A = (0.1,0.3).
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Let A,, r =1,..., R, be independent random shifts drawn from U(]0,1]°)
and define

Q,,As’ )= Z f(mod(t; + Ar,1)). (QMC rule with 1 random shift)

Then

Qns(f) = Z QArf (QMC rule with R random shifts)

is an unbiased estimator of /5(f).
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Let 7:[0,1]° — R be sufficiently smooth.

Error bound (one random shift):
15(f) = Qne()] < e~ (2)[IF 1]
R.M.S. error bound (shift-averaged):
VEAIL(F) = Qus(P] < 8% ()] F -

We consider weighted Sobolev spaces with dominating mixed smoothness,
equipped with norm

olul £ 2
fl|2 = / </ d ) dy,
1115 = o1 \ o 3ys (y)dy_, ) dy,

uC{l s} Tu

and (squared) worst case error

P(z) = el ( Z 2 ””H‘“J({kzj})

k 0 o#uC{l:s}  j€u

— 2 1
where w(x) = x* —x + 3.
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CBC algorithm (Sloan, Kuo, Joe 2002)

The idea of the component-by-component (CBC) algorithm is to find a
good generating vector z = (zi, ..., zs) by proceeding as follows:
1. Set z; = 1 (this is a freebie since P(1) = P(z) for all z € N);
2. With z fixed, choose z; to minimize error criterion P(z1, 22);
3. With z; and z fixed, choose z3 to minimize error criterion
P(Zl, z2, 23)

@ The CBC algorithm is a greedy algorithm: in general, it will not find
the generating vector z that minimizes P(z). However, it can be
shown that the generating vector obtained by the CBC algorithm
satisfies an error bound (see next slide).

o For generic v = (Y )uc{1:s}, evaluating P(z) = P(v, z) takes
O(2°) operations. For an efficient implementation, it is desirable that
the weights « can be characterized by an expression that does not
contain too many degrees of freedom.

e Efficient implementation using FFT! (QMC4PDE, QMCPy, etc.)
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Theorem (CBC error bound)

The generating vector z € U;, constructed by the CBC algorithm,
minimizing the squared shift-averaged worst-case error [e,s,f‘sry(z)]2 for the
weighted unanchored Sobolev space in each step, satisfies

w < (L NECN A
en,s,"/( )] S <(p(n) g;él;l:s}’yu((zWZ))\) ) fO a//)‘e (1/27 1]7

where ((x) := Y 4=, k=* denotes the Riemann zeta function for x > 1.

Remarks:

e Optimal rate of convergence O(n~17?) in weighted Sobolev spaces,
independently of s under an appropriate condition on the weights.
e Cost of algorithm for POD weights is O(s n log n + s n) using FFT.

e Fast CBC works for any (composite) number n > 2, but the
implementation is more involved when n is not prime.
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Significance: Suppose that f € Hs 4 for all v = (Vu)uc{1:s}. Then for any
given sequence of weights -, we can use the CBC algorithm to obtain a
generating vector satisfying the error bound

lul\ 1/(2X)
VEalr—ogis (s X 2(55) ) il @

o#uC{l:s}
for all A € (1/2,1]. We can use the following strategy:
@ For a given integrand f, estimate the norm ||f||s .
e Find weights « which minimize the error bound (2).

@ Using the optimized weights -y as input, use the CBC algorithm to
find a generating vector which satisfies the error bound (2).

Remarks:

o If nis prime, then m = = 1 If n =2k, then = % For general

€7 log log n+%
(comp05|te) n>3, (n) < ——— %1 where

= 0.57721566 . .. (Euler—Mascheroni constant).
° The optimal convergence rate close to O(n~!) is obtained with

A — 1/2, but A =1/2 is not permitted since ((2\) AL

@(n)
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Example: applying QMC theory for a simplified parametric PDE
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Let D C RY, d € {2,3}, be a convex, bounded Lipschitz domain and
consider the following (simplified!) elliptic PDE

=V (aly)Vu(x,y)) = f(x), xeD, yel[-1/2,1/2],
u(x,y) =0, xe€ oD, ye[-1/2,1/2)°,

where the source term f € L?(D) is fixed and
S
aly) =1+ By, y€l-1/2,1/2],
=1

where ; > 0 are assumed to be constants for all j > 1 (i.e., independent
of x) s.t. a(y) > amin >0 for all y € [-1/2,1/2]° and 372, B < oo for
some p € (0,1). Due to the linearity of the PDE problem, we can write

—Ag(x)=f D
dry) = £ [Ag(x) = f(x), x< D,
L+ 1By gloap = 0.

Note that the Poisson problem has a continuous solution g € C(D).
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Clearly,

Efu(x, )] = g(x) / Ly

1/2,1/2) L+ 2201 By
——
=:F(y)
(Note the similarity to exercise 2 of week 8!)

Steps of QMC analysis:
o Estimate the (parametric) derivatives 0¥ F(y).

o Using the above, estimate |[F(- — 3)||s.~-

@ Plug the weighted Sobolev norm into QMC error bound and choose
the weights v = (7u)ucq1:s} to minimize the resulting error bound.

e The resulting weights are used as inputs to the CBC algorithm. The
generating vector (and the resulting randomly shifted QMC point set)
are guaranteed to satisfy the rigorous CBC error bound.

@ Analysis: is the coefficient of the CBC error bound independent of the
dimension s with the chosen weights?
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Step 1: Parametric regularity. It is not difficult to see that

|u|
PR = WIFO)M T5) foralluc (1)

Jj€u

Exploiting the fact that we assumed before that 1 + Zj’:l BjYj > amin >0
for all y € [-1/2,1/2]°, we can define

b; == ﬂ forall j > 1,
Amin

and estimate the parametric regularity of the first order mixed partial
derivatives as

‘ Hlul

e

|u|'Hb forall u C {1:s}.

a
min jeu
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Step 2: Estimate the weighted Sobolev norm. It is easy to see that

IFC- Dk, < S ‘“‘ I] 5

uC{l:s} Jj€eu

Step 3: Plugging this into the CBC error bound

lul\ 1/(2X)
VEalF-oarr< (s X 2(550) ) IRk

o#uC{l:s}
L (2¢(2)) luly 1/(2X)
@;ﬁuC{l's}

)1/2

(We have separated the dependence on the number of QMC nodes n since
this is unaffected by the choice of weights. The weights only affect the
constant in the error bound, which we try to minimize next.)

yields

= 1/(2))
EallsF — QAF
€ ) <

X<Z

uC{1l:s} Jjeu
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Step 4: Choosing the weights. Note that the square of the objective
functional has the form

g(v) = ( Zu: awﬁ) . ( Zu: 5wu1> 7

which is minimized by

ﬁ 1/(1+X)
Yy = C<u> for arbitrary ¢ > 0.

Qy
(In fact, with ¢ = 1, the minimizer is equivalent to setting the summands
equal: ayy) = Buyi )
Thus the minimizing weights for our problem are the product-and-order
(POD) dependent weights:

i
Tu = <|u“H 2((2))

J€Eu r)*

2/(142)
) , uC{l:s}.

(The POD form is important since it doesn't contain “too many degrees
of freedom™: the cost of fast CBC used to find the generating vector
satisfying the CBC error bound is O(s n log n + s2n) with these weights.)

358



Step 5: Plugging the optimized POD weights into the QMC error bound
results in

L\ M@
\/EA\/sF - QA FI2S < ) C(s,~, \)THN/ (@),
’ o(n)
where
2¢(20) M/
Cls,v:A) = Y <(27(r2)2> (Ju| 2@+ HbJ?A/(HA)_

uC{l:s} Jjeu
In complete analogy to the 11" lecture, we have the following:

Lemma

By choosing

N = ﬁ when p € (2/3,1)
= 2_125 for arbitrary § € (0,1/2) when p € (0,2/3],

there exists a constant C(7,\) < oo independently of s
s.t. C(s,7,A) < C(, A) < o0,
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Using randomly shifted rank-1 lattice rules to estimate the integral
1
Fy)dy, F(¥) = {55
/[—1/2,1/21 L+ 30 By
we can conclude the following:

For arbitrary 6 € (0,1/2), we can choose the POD weights

u = 9 T .
e 2247%\ 2—125 if pe(0,2/3],

as inputs to the CBC algorithm to obtain a generating vector. If the
number of QMC nodes n is prime or a prime power, then the resulting
randomly shifted rank-1 lattice rule satisfies the root-mean-square error
bound

VEallF — QA F[ < pmx{-1/p+1/2-145), 3)

where the implied coefficient is independent of the dimension s.
Note that this rate is always better than Monte Carlo, but cannot exceed

linear convergence O(n~1) (i.e., double the Monte Carlo rate).
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Uniform and affine model

361



Uniform and affine model: let D C R?, d € {2,3}, be a bounded Lipschitz
domain, let f € L?(D), and let

U:=[-1/2,1/2]N := {(a)j>1 : —1/2 < a; < 1/2} be a set of parameters.
Consider the problem of finding, for all y € U, u(:,y) € H3(D) such that

/ a(x,y)Vu(x,y) - Vv(x)dx = / f(x)v(x)dx for all v € H3(D),
D D

where the diffusion coefficient has the parameterization
a(x,y) := aop(x —|—Zyﬂ/JJ , xeD, yel,

where ag € L*°(D), there exist amin, amax > 0
s.it. 0 < amin < a(x,y) < amax < 0o for all x € D and y € U, and the
stochastic fluctuations 1p;: D — R are functions of the spatial variable
such that

° wj € L>°(D) for all j € N,

o > =1 IYlliee(py < oo,

° > X 1H¢J||pc,o < oo for some p € (0,1).
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Proposition (Parametric regularity for the uniform and affine model)
Forally € [-1/2,1/2]" and v € &, there holds

Cpllf
10" ngcoy < ANE@ gy

Amin

where Cp is the Poincaré constant satisfying ||v||2(p) < Cp||v|\,_,1(D) for all v € H3 (D).

v

This parametric regularity bound is valid also for the dimensionally-truncated finite
element solution us 4. If G: Hj(D) — R is a bounded linear functional and we define
F(y) := G(usn(-,y — %)) for y € [0, 1]°, then

IFIS < Z |u|') 115,
uC{ls} Jj€Eu

and using the POD weights (3) as inputs to the CBC algorithm yields a randomly
shifted rank-1 lattice rule satisfying the R.M.S. error

/EA|ISF _ QnAsF\Q < nmax{—l/p+1/2,—1+6}

where the constant is independent of the dimension.
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Of course, the truncation of the input random series and the finite element
discretization incur additional errors.

o If |91l o (D) = 192l Lo (D) - - -+ then the error resulting from the
dimension truncation has order O(s~2/P*1), where the constant is
independent of s.

o If D c R? is a bounded, convex polyhedron, ag and 1; are Lipschitz
for all j > 1 with 372, [|¢)j[lwr.e(py < 00, and G: L*(D) — R is a
bounded linear functional, then—if the FE mesh has been obtained
from an initial, regular triangulation of D by recursive, uniform
bisection of simplices—the L finite element error has order O(h?),
where h > 0 is the mesh size and the implied constant is independent
of y, s, and h.
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Lognormal model
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Lognormal model: let D C RY, d € {2,3}, be a bounded Lipschitz
domain, and let f € H™}(D). Let ¢; € L°°(D) and b; := ||1)j| 1 for
Jj € N'such that 3722, b; < 00, and set

Up := {y cRN: ij]yj] < oo}.
j=1

Consider the problem of finding, for all y € U, u(-,y) € H3(D) such that

/ a(x,y)Vu(x, y) - Vv(x) dx = (£, V)yspy oy for all v € HY(D),
D

where the diffusion coefficient is assumed to have the parameterization

[e.e]

a(x,y) := ap(x) exp (Zijj(x)>, xeD, ye Up,

j=1

where ag € L*°(D) is such that ag(x) > 0, x € D.
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Standing assumptions for the lognormal model

(B1) We have ap € L*°(D) and 372, b; < oo.

(B2) For every y € Up, the expressions amax(y) := max, g a(x,y) and
amin(y) := min__5 a(x, y) are well-defined and satisfy
0 < amin(¥) < a(x,y) < amax(y) < oo.

(B3) 32724 bf < oo for some p € (0,1).

Remark: Note that in the lognormal case, a(x,y) can take values which
are arbitrarily close to 0 or arbitrarily large. Thus, the best we can do is to
find y-dependent lower and upper bounds amin(y) and amax(y). This will
lead to a y-dependent a priori bound and, consequently, y-dependent
parametric regularity bounds. This will make the QMC analysis more
involved, leading one to consider “special” weighted, unanchored Sobolev
spaces.
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In this setting, we have

S

Is(F) == /SF(y)H¢(w)dy=/ F(® Y (w))dw.

i (0,1)°
where ¢(y) := \/%ef%ﬁ is the probability density function of A/(0,1) and
o Hw) = [®L(w1),...,d I (ws)]T denotes the corresponding

(componentwise) inverse cumulative distribution function. We use the
randomly shifted QMC rules

Qmi(F Z F(O M ({tx + A/})),

— 1
Qnr(F) =5 Z Qmz(F),
r=1

where we have R independent random shifts Ay, ..., Ag drawn from
U([0,1]%), tx := {£2}, with generating vector z € N°.
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The appropriate function space for unbounded integrands is a “special”
weighted, unanchored Sobolev space equipped with the norm

Floa=| S 2 [ ([ 0% TT on)ar-)

uC{1l:s} je{l:s}\u

(T=ton) ]

JEU

where we have the weights

w?(y) == exp(—2a;ly;]), a; >0,
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Theorem (Graham, Kuo, Nichols, Scheichl, Schwab, Sloan (2015))

Let F belong to the special weighted space over R® with weights ~, with ¢
being the standard normal density, and the weight functions w; defined as
above. A randomly shifted lattice rule in s dimensions with n being a
prime power can be constructed by a CBC algorithm such that

o 2 \ 1/(2))
_ <[z E | I .
\/EA“S’E Qn,sF| = <n Tu QJ()‘)> ||F||57‘Y7

o#uC{l:is}  je€u

where X € (1/2,1] and

V21 exp(a? /n.) \ 22 -1
. - J 1 =
QJ()\) 2 (71'22”*(1 _ 77*)77*> C()\ + 2) and UE 4\ )

with {(x) := 4., k=* denoting the Riemann zeta function for x > 1.

The steps for QMC analysis are the same as in the uniform case: (1)
estimate || - ||s,4 for a given integrand (2) find weights v which minimize

the upper bound (3) plug the weights into the new error bound and

estimate the constant (which ideally can be bounded independently of s). 37



Proposition (Parametric regularity bound for the lognormal model)
For ally € Up and v € %, there holds

Cellfll2p) [v|!
min,p 20(x) (log2)/”

10" uC, )l (oy < b” [ Texp(bilys)-
j=1

This parametric regularity bound is valid also for the dimensionally-truncated finite
element solution us . If G: H{(D) — R is a bounded linear functional and
F(y) := G(us,n(-,y)) for y € R®, then

(") 2 bf
IFlea = 22 20 (Hzex" 267)0(25)) (H 2(log 2 exp(25)8(2h;) (0] — 57)

j=1

By choosing o = 3(bj + 1/b*> + 1 — 55) and using the POD weights

bj T+ . ﬁ if pc (2/3 1)
h (‘ 'l V2(log 2) exp(b?)/®(2b;)(c; — bj)@f(x)> ’ A'_{zzg if p € (0,2/3],

JjEu

as inputs to the CBC algorithm yields a randomly shifted rank-1 lattice rule satisfying

the R.M.S. error
/]EA|ISF _ QHASFP < nmax{71/}7‘#1/2,714»5}7

where the constant is independent of the dimension.
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Similarly to the uniform and affine setting, the truncation of the input
random series and the finite element discretization incur a dimension
truncation error and a finite element discretization error, respectively.

However, the analysis is more complicated in the lognormal case and has
been omitted.
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Computational implementation

Consider the task of approximating f[o s f(y)dy using a randomly shifted
rank-1 lattice rule with R random shifts.

Once a generating vector z € N° has been obtained for a given number n

of QMC nodes and dimension s (using, e.g., the CBC algorithm), then:
Remarks:
forr=1,...,R, do

o If integratin
draw A©) ~ ([0, 1]°); & &

_1.2
initialize Q, = 0; fRS f(y) Hj:l e\/;yr dy
for i=1,...,n do then use t; = ®~(mod(Z + A(), 1))
set t; = mod(i—z +4a0 1)' " n N '
wt O.—Q+Fty, . where ¢~ 1 is the (componentwise)
end for ' inverse cumulative distribution function
set Qr _ Qr/n; Of N(07 1)
end for @ The R.M.S. error can be estimated by
D Q++Qg.
return Q = 5k, R.M.S. error

(This is the QMC estimator _
with R random shifts.) ~ \/ﬁ Zle(Q - Q)2
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The end!
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